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Preface

This thesis is a continuation and extension of previous

work by graduate students at the Air Force Institute of I]

Technology in the area of parameter estimation using order

statistics of samples from a given distribution. The tables

of linear coefficients developed in this report will enable
:: :

the user to obtain the best linear invariant estimate of

the location and scale parameters of the Cauchy distribution

for sample sizes of N=5(1)20 very efficiently. An attempt

was made in the report to provide a clear development of the

theory by which these linear coefficients are obtained. In

addition, the Fortran program required to calculate and table

the linear coefficients is included in Appendix C. The sub-

routine used to solve the matrix equations is a modification

of the Matrix Equation Solver Fortran Subroutine from the

Computer Science Center, Wright-Patterson AFB, Ohio.

I also wish to acknowledg.- my debt to Professor Albert

i1. Moore, my advisor, for proposing this area of study and

for his assistance and encouragement.

Ralph M. Spory, Jr.
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Abstract

Linear coefficients which can be applied to sample data

from a Cauchy distribution to obtain estimates of the loca-

tion and scale parameters are developed and tabled. Several

previous works have presented such tables for nearly best

linear unbiased estimation and best linear unbiased estima-

tion of the parameters. The estimates developed in this

paper are best in the sense that they possess minimum mean

square error. By using exact values of the means, variances,

and covariances of the Cauchy standardized order statistics

and minimizing the mean square error function, matrix equa-

tions are developed and solved to obtain the required coef-

ficients. These coefficients and values of the MSE are

tabled for minimally censored sample sizes of 5 to 20 and

for samples which have been additionally censored from above

anLd symmetrically. Procedures for using the tables and

several illustrative calculations demonstrate the simplicity

of this estimation technique. The Fortran programs required

to calculate and table the above values are included in

Appendix C.
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CONDITIONAL BEST LINEAR INVARIANT ESTIMATION OF TiHE

LOCATION AND SCALE PARAMETERS OF THE CAUCHY

DISTRIBUTION BY THE USE OF ORDER STATISTICS

I. Introduction

Statement of the Problem

Objective. The objective of this thesis is to develop

a table of linear coefficients which can be easily applied

to sample data from a Cauchy distribution to determine esti-

mates of the location and scale parameters of the distribu-

tion. These estimates of the parameters are conditional

best linear invariant estimates. These terms and the proper-

ties of the estimators are defined in the next section.

Definition of Terms. The Cauchy distribution is a con-

tinuous distribution which is frequently introduced to stu-

dents as an example of a distribution for which the moments

do not exist (Ref 6:134). The cumulative distribution

function (cdf) is given by

F(x) = . + 1 ARCTAN Xt -<X<
5 S

and the probability density function (pdf) is given by

f(x)2)
,r[s 2+(x-t) 2 ]

where s is the scale parameter and t is the location param-

eter.
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Conditional estimation of a parameter is defined as

estimation of an unknown parameter when the second parameter

is known. In this case the location parameter is estimated

conditioned on the value of the scale parameter, and the

scale parameter is estimated conditioned on the value of

the location parameter.

The best linear invariant estimator is best in the

sense that it is a minimum mean-square-error estimator. The

mean square error of the estimator is given by

I,,SE = E[(s*-s) 2 ] (3)

where s is the true value of the parameter and s* is the

estimated value of the parameter.

For conditional estimation the mean square error is

given by

MSE = E((s*]t-s) 2] (4)

whore s*(t is the estimator of the parameter conditioned on

the value of t, and t is the value of the second parameter.

Linear estimation is a technique based on the theory of

order statistics, where each ordered sample value is assignea"

a weight, or linear coefficient, and the coefficients are

calculated so as to obtain the best estimate of the parameter.

In this case the best estimate is the invariant estimate as

defined above. If one uses this method, the estimate of the

parameter is given by
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n

s* -E aiXi (5)

where the ai's are the linear coefficients, the Xi's are

the ordered sample values or the order statistics, and n is

the sample size.

The conditional estimator is then given by

n

s*It Z aiXi-At (6)
i=l

where t is the known parameter and A is a constant that is

determined by the calculation. The significance of this

constant will be explained in Chapter IV.

Order statistic theory, the Cauchy distribution, and

the method used to solve for the linear coefficients are

developed further in the remaining chapters of this paper.

Significance. When the location and scale parameters

of the Cauchy distribution are known, the function is com-

pletely defined, and it can be used in a decision-making

process where one is working with data which is distributed

according to the Cauchy law. The tables of coefficients

developea is. this thesis will allow the user to estisi,;:c the

values of these unknown parameters. These estimates can be

obtained very efficiently with only the us'b of a desk cal-

culator. The ordered sample values are simply multiplied

by the appropriate coefficients and the results sumnmed to

calculate the estimate.

3
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This method of estimation provides a great savings in

time in the case of the Cauchy distribution, as the tradi-

tional methods of obtaining these estimates either do not

apply to the distribution or are very time-consuming. Two

of these methods are the method of moments (Ref 11:186) and

the method of maximum likelihood (Ref 11:170). The method

of moments cannot be applied, since the moments of the

Cauchy distribution do not exist, and the maximum likeli-

hood estimate, which is convenient to obtain for some other

distributions, requires a great amount of computational

effort. Barnett (Ref 1) points out that the frequent occur-

rence of multiple zeros of the derivatives of the logarithm

of the likelihood function requires a complete scan of the

likelihood function to locate the maximum which corresponds

to the maximum likelihood estimate. The tables of linear

coefficients in this thesis will provide the user with an

estimate of these parameters for sample sizes of 5 to 20.

Background Information

Work on parameter estimation based on order statistic

theory has been carried out by the students .t the Air Force

Institute of Technology, under the direction of Professor

Albert 11. Moore, and sponsorship of Dr. 11. Leon flarter (ARL,

Wright-Patterson AFH), since 1963. These works include

parameter estimation of the Cauchy, I'eibull, normal: log-

normal, logistic, and extreme value distributions. Parameter

estimation of the Cauchy distribution includes the works of

Chaviberlain (Ref 2), Jonson (Ref 9) and Stark (Ref 16).

4
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Chamberlain developed and tabled the coefficients for nearly

best linear unbiased estimation of the locaLion and scale

parameters for sample sizes 15(1)40. Jonson computed the

coefficients for conditional best linear unbiased estimation

of the parameters of the Cauchy distribution and compared

the efficiency of these estimators with the efficiency of

Stark's best linear unbiased estimators. The estimators

developed by Jonson and Chamberlain are called nearly best

estimators because the approximate values of the covariances

of the order statistics given by Blom's approximation were

used instead of the exact covariances of the order statis-

tics. Stark's work developed linear coefficients for simul-

taneous estimation of the location and scale parameters by

using the exact values of the means, variances, and covar-

iances of the standardized order statistics.

The works of Chamberlain and Jonson are based largely

on the methods presented by Barnett (Ref 1:1205). Barnett

tabled the coefficients for the best linear unbiased esti-

mate of the location parameter of the distribution for

sample sizes of 5 to 20. The exact values of the neans,

variances, and covariances of the Cauchy order statistics

were calculated to four decimal-place accuracy. The values

of the covariances were obtained by numerical integration

of expressions containing the joint pdf of the order sta-

tistics (see Chapter IV). These functions were integrated

over the relevant triangular region by a two-dimensional

S
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extension of the composite Simpson procedure. Although this

computation required a large number of steps to obtain the

desired accuracy, it did prove feasible.

The me6ian of the sample data has traditionally been

used as an estimate of the location parameter of the Cauchy

distribution. Cramer (Ref 4:708) states that the variance

of this estimator is i. 2 /4n for large samples. Rider (Ref

13:322) shows that this is not a very accurate estimate of

the variance of the median for small sample sizes. Rider

has tabled the actual variances of the median for small

sample sizes.

In 1964, Rothenberg et al. proposed a class of esti-

mators of the location parameter of the Cauchy distribution

which is the arithmetic average of a central subset of the

sample order statistics. The sample median is a member of

this subset, but it was shown that the average of the middle

quarter of the ordered samples has a lower asymptotic var-

iance than does the median.

In 1970, Chan (Ref 3:851) proposed a conditional asymp-

totically best linear estimator of the location and scale

parameters based on a few of the order statistics. fie has

tabled coefficients for K=l(1)10 where K is the number of

order statistics selected from a large sample. These esti-

mators yield more than 92 percent asymptotic relative ef-

ficiency, in the Cramer-Rao sense, for K>4.

6
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Report Orgx zation

In order to develop the linear coefficients for the

conditional best linear invariant estimation.of the param-

eters of the Cauchy distribution, the distribution and

methods by which it is generated will be discussed in

Chapter II. Chapters III and IV present order statistic

theory and the linear estimation procedure. Chapter V

describes the tables of linear coefficients and gives exam-

ples of the calculations required to obtain the desired

estimators. Tables of the values of the mean-square-error

function and the linear coefficients are included in Ap-

pendices A and B. Appendix C contains the Fortran programs

required to calculate and table the above values.

Assumptions

There are two assumptions made in this report. It is

assumed that the sample data are known to come from a

Cauchy distributed parent population and that the parameter

not being estimated is known, in the case of conditional

estimation. In the case of simultaneous estimation it is

only assumed that the sample data are known to come from a

Cauchy distributed parent population.

7
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II. The Cauchy Distribution

Introduction

The Cauchy distribution is a continuous, symmetric dis-

tribution. The cdf and pdf are given by Equations (1) and

(2). The plot of the pdf is similar to that of the more

familiar normal distribution, except that the curve ap-

proaches the axis much more slowly and the tails are thicker.

Figure 1, on the following page, is a plot of the density

function for three different scale parameters. Feller

(Ref 5:57) provides an excellent description of the Cauchy

distribution, its peculiarities, and methods by which the

distribution is generated.

Example of the Cauchy Distribution

A mirror is arranged parallel to an opposing wall at a

distance S from the wall, and the mirror is free to rotate

on a vertical axis at A which is located on a line per-

pendicular to the wall at 0. The angle 0 is measured from

this line to the perpendicular to the surface of the mirror.

The mirror reflects a ray of light on the wall at a distance

X from the point 0. Now, if the angle 0 is chosen at random

between -n/2 and n/ 2 , the random variable, X, is Cauchy

distributed and the density of the distrib4tion is given

by Equation (2) with a location parameter of zero (Ref 5:57).

flie density of the random variable, X, can easily be

verified by a method due to Meyer (Ref 10:88-89). In the

above example

8
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f(0) for

is a uniform density. Then

g(x) = 1 d0 (7)

where $ = tan- c'). Therefore

g~x) =1 (8)
= S2

gx) s2 +X2 ] for -- <x<- (9)

This is the Cauchy pdf with scale parameter s and location

parameter zero.

Generation of the Cauchy Density

The Cauchy density may be generated in many ways. The

Student's t density with n=l is a Cauchy density. If x and

y are two independent random variables from a standardized

normal distribution, the quotient of these random variables

is a standardized Cauchy distribution. In addition, if the

random variable x is Cauchy distributed with a scale par-

ameter of 1 then I/x has the same density- Once again,

these densities may be verified by the method described by

Meyer (Ref 5:109-110).

Properties of the Cauchy Distribution

Due to the thick tails of the Cauchy distribution, esti-

mation of its center is very difficult. The moments of the

10
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Cauchy distribution-4o-not exist. Jonson (Ref 9:11) shows

the characteristic function of the Cauchy random variable 7
to be

Cx(t) exp(ict-bltI) (10)

where C is the location parameter and b is the scale par-

a ,,•,ter, and that the moments do not exist since the partial

derivatives of Cx(t)/ik with respect to t evaluated at t=O

are infinite.

It can also be shown directly, that the first moment

about the origin of the Cauchy distribu-ion does not exist

(Ref 6:145).

111
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IlM. Order Statistic Theory

Introduction

To calculate the conditional best linear invariant

estimates of the parameters of the Cauchy distribution the

exact values of the means, variances, and covariances of

the Cauchy order statistics are required. The order sta-

tistic theory and application of this theory to the Cauchy

distribution will be reviewed in this chapter. Reference 15

is a rather complete collection of contribut'-..':- to order

statistic theory and includes articles up to 1962. The

following development follows that of Chapter II from the

above reference.

Order Statistics

Definition. If a random sample of size n (xl, x 2 ,

Xn) is takon from a population, these independent random

variables can be rearranged so that

x(l)<_x( 2 )_<"" _<Xn

When the variables are arranged in order of magnitude, they

arc called order statistics of the sample. Since these

samples are from a continuous population

P(x(i) = x(j))= 0 for all i~j

Density. The pdf of the ith order statistic, x(i), is

given by

12
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n! ]x-i [l-F(x ]n-i .
.xci)) =(i-i)(n-)[(xi) (i) C(xi))

(1n)

where F(x(i)) = cdf of x evaluated at x=x(i)

f(x(i)) pdf of x evaluated at x=x(i) (Ref 15:12)

The joint distribution of the ith and jth order statistics

(i<j) is given by

ffin! -i-1
g(x(i),x(j)) " (il)!(j-i-1)!(n-j)![F(x(i))] [F(xcj)) -

(12) i
F(x(i)) ]j-i-l. [l-F(x(j)) ]n-Jf4x(i)) Mx(j) )

for x(i)<x(j) (Ref 15:12)

From Equations k1I) and (12) expressions for the expected

values and covariances of the Cauchy order statistic can be

developed.

Expected Values. Let x be a continuous random varia-

ble with pdf f, then the expected value of x is given by

E[x] - fxf(x)dx (Ref 10:121) (13)

Using Equations (13) and (14), one finds that the expected

value of the ith order statistic is given by

E[x(i)] = Ix(i)g(x(i))dx(i) (14)

And the expected value of the product of the ith and jth

order statistics is given by

13
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E'fxdi)xdj)] =f fx(i)x(j)gdx(i)xdj))dxdi)dxdj) 45

where g(x(i),xdj)) is as defined by Equation (12).
Variance and Covariance. A two-dimensional random

variable (x(i),x(j)) possesses a property called the covar-

iance of x(i),x(j). In this case the random variables are

order statistics, and in a sense the covariance is a measure

of the dependence between the two values of the order sta-

tistics. The covariance of (x(i),x(j)) is formally defined

as the product moment about the respective expected values

of the order statistics. Meyer (Ref 10:144) defines the

covariance of the two random variables as follows:

Cov(x(i),X(j)) E{[xci)-(Cx(i))][x(j)-E(x(j))]} (16)

It can be easily shown from (16) that:

Cov(x(i),x(j)) E[x(i)x(j)]-E[x(i)]'E[xcj)] (17)

The variance of the ith order statistic may be considered as

a special case (i=j) of Equation (16) where the Var [x(i)]

is given by

Var[x()] = E{xci)-E(Xci)] 2} (18)

With the expressions presented in this chapter, the expected

valres, variances, and covariances of the Cauchy order sta-

tistics can be developed.

Standardized, Cauchy Order Statistics. Let x(i), x( 2 ),

... X(n) be a set of ordered sample values from a Cauchy

14
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distributed parent population. A new set of standardized

"order statistics can be developed where

U(i) X=i)-t -- <U(i) <- (19)

with U( 1 ) <.<U(i) <...<U(n)

V S
If the pdf of x is f(x) = n[s2+(x-t)2] (2)

then the density of U is given by

p(u) [+] -co<U< (20)

and its cdf is given by P(u) = 1 + 1 ARCTAN u (21)2

The pdf of the ith standardized order statistic from Equa-

tion (11) is given by

q(u(i)) n! i-I ]n-i (u.)(22)q~u~)) ( Vl!(ni)][P (u(i) ] [-~~) i u

and the joint pdf of the standardized order statistics is

given by Equation (12) with x replaced by u, g by p, F by P

and f by p.

The above expression can be simplified by making the

following substitution:

Let 9 (i) = ARCTAN u(i), - .* <0, # <u c )<M (23)

where du(i) = (I + tan2O(,))dGi (24)

and 0(j) = ARCTAN u(j) -<0<f (25)

then from Equation (22)

is
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ui (i-i)(n-i) hrn +0 ( 2 6(1÷tan2) )

and
n! n-iq(u(i)u(j)) = il!jil!nj!n[G+]

(27)
[(e+•)- (0+!.)]J.il1 , [2L.•]n-3 1 1

2 2 2 (1+tan20) (1+tan 20)

By substituting these equations into Equations (14), (15),

(17), and (18) the desired expressions for the expected

values, variances and covariances of the standardized order

statistics are obtained.

Eu(] !7-n! I2(28)

ITICO[Ui)U,) n! ftntn[+~~

°(i-1)(j-i-l)!(n-j)!n atn[)]

* (taG ~ i V-0]Id -tand[0dO]

i-)!n-)I(j -1) !(n-j) Trn

IT 'IT 2 [-JJ0ij (9

2

"J'tanO ~ ~ d fO• t' [•oniOanO [0 +•J" [Z'- ]- d•,i < j (29)
.IT r

iT

n! _ _

Var[u(i)] = f tailn)!n t[ M
"Y (30)

16
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Solution of the Expected Value and Covariance Equations

Equations (28), (29), and (30) cannot be evaluated in

terms of elementary functions, but they can be evaluated by

numerical integration techniques with the aid of an electronic

computer. The integral factor of Equation (28) does not con-

verge for values of i=l or n, and Equations (29) and (30)

do not converge for values of i=l, 2, n, and n-1. Barnett

(Ref 1:1209) points out that for these values of i, the

cos 0 and cos 0 factors in the denominator of the respective

integrands are dominant as 0 and 0 tend toward their limit-

ing values, and it is therefore apparent that the means of I
the first and last order statistics do not exist, and the

variances and covariances of the first two and last t%,o

order statistics do not exist.

The task of evaluating the remaining quantities is some-

what reduced due to the synuinetry of the Cauchy distribution.

For the expected values

E[u(i)] F- E[u(n141_i)] for even n, i91 or n (31)

E[u(n+l)/2] = 0 for odd n (32)

and for the covariances of the standardized order statistics:

COv[u(ij)] = COv[U(n42-i,n+l-j)] = CovIIu(j,i)]

= Covu(in+2-j,n+2-i)]

for i<j and i ý 1,2,n1, and n-i (33)
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Even with this reduction in the number of quantities to be

computed, the integrals must be approximated by an elec-

tronic computer. Barnett (Ref 1) calculated these expected

values for n=3(1)20 and the variances and covariances for

n=5(1)20 to four-decimal-place accuracy. Although the ex-

pected values and variances can be calculated quite effi-

ciently, the double integration in the covariance expression

requires extensive computer time. Stark (Ref 16:44-48) cal-

culated and tabled these quantities for sample sizes of

5(1)20 to six-decimal-place accuracy. The expected values

and covariances calculated by Stark were read into the main

programs'in Appendix C for the calculation of the linear

coefficients for conditional best linear invariant estimation

of the parameters.

18
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IV. Linear Parameter Estimation

Introduction

The purpose of this thesis is to develop the coefficients

required to obtain best linear invariant estimates of the

parameters of the Cauchy distribution. This chapter explains

linear estimation, develops the estimator with the minimum

mean square error for both parameters, and describes the

method used to solve the resulting simultaneous equations.

The coefficients are calculated for the minimally censored

sample, which consists of the ordered sample less the four

extreme order statistics (the first two and the last two),

and for samples which are additionally censored from above

and symmetrically. In addition the values of the mean square

error function are computed. All of these quantities are

tables in the Appendices.

Linear Estimation

Linear estimation is a form of estimation where the

ordered data are assigned weights and the new values are

summed to give the estimate of the desired parameter. These

weights are the coefficients and they are calculated so as

to obtain the best linear estimator of the parameter. In

this case the best estimator is the one with the minimum

mean square error. The expressions required to obtain these

best estimators are developed in the next section.
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Mean Square Error

Location Parameter. From Equation (6) the conditional

estimate of the location parameter is given by

N
t*IS = E aixi-AS (34)

i=1

where t* is the estimate of the location parameter

ai is the coefficient to be computed

S is the scale parameter

A is a constant to be computed

N is the sample size

and from Equation (4) the mean square error of the estimator I
of the location parameter is given by

MSEL = E[(t*IS-t) 2 ] (35)

where t is the true value of the location parameter. MSEL

is the quantity to be minimized.

From Equation (35)

MSEL = E[(t*IS) 2 -2t(t*IS)+t 2 ] (36)

From Ref 10:134

Var[x] = E[x 2 ]-(1[x]) 2  (37)

therefore Var[t*IS] = E[(t*[S) 2 ]-(E[tAJS]) 2  (38)

and MSHL = Var[t*IS]+(L3[t*JS]-t) 2  (39)

Now by the substitution of Equation (34),
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N NMSEL =Var[ X ajx(i)-AS]+(E[ E aix .AS].t) 2  (40)

Freund (Ref 6:173-174) shows that for a given set of random

Nvariables xl, x2,...xn where Y = E aixi, a linear combina-
i=1tion of N random variables,

N
E[Y] = ZaiE[i (41)

i=i i<j - ), (42)

for i <j
Now using relations (41) and (42) Equation (40) becomes

N

MSEL Z a2Var[x(i)]+2z EaiajCov[x.i)x 1]i-•l • ) <j ( )

NalE ]-AS-t) 2 (43)i=l x)

The expected values, variances and covariances developed
in Chapter III were for standardized order statistics, where
the standardized order statistic was defined b) Equation (19).

Therefore
x(i) SU (i)+t (44)

E[x( 1 )] = SE[um)]+t (45)

Var[x(i)] = s 2Var[u(0)] (46)

COV[X(i)X(j)] = s 2 Cov[u~i)ulj)] (47)

Now define the following symbols:

Let = I[u~i)]
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ai= Var[u( 1 )]

aij Cov[u(i)ucj)]

Now by substituting these relations into Equation (43)

N 2 2  NN N
MSEL Z ai ii+2 Z E a.a.s 2 aij+[ rE ai(sui+t)-AS-t] 2 (48)i=l i=l j=i~lJ i=l

N
and adding the constraint that Z ai=l and applying this

i-=

equation to a minimally censored Cauchy sample of size N-4

(the two extreme order statistics are removed from each end),

the following equation is obtained

N-2 2 N-2 N-2 N-2
MSEL = s 2 ( Z aiaii+2 Z E aiajoij+[ Z aipi-A] 2 ) (49)

i=3 i=3 j=i+l i=3

Scale Parameter. An exnression similar to Equation (49)

can be developed for the scale parameter where the mean

square error of the estimated scale parameter is given by

MSES = E[(S*lt-S) 2 ] I (50)

where S is the true value of the scale parameter,

S* is the estimate of S, and

t is the true value of the location parameter.

N
Let S*It = Z dix(i)-Dt (51)

i= 1

and substitute into Equation (50) to obtain

N N
MSES Var[ £. dix(i)-Dt]+(E[ E dix(i)-Dt]-S) 2  (52)

i=1 i=l
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And by the use of Equations (42), (45), (46), and (47),

Equation (52) becomes

N N N
MSES Z ds 2a.i+2 Esd aij+[ Z di(sNi+t)-Dt-S]2

ijl i=l j=i+l i=l

N
Now by adding the constraint that Z di = D and considering

i-l

a minimally censored Cauchy sample the mean square error of

the estimate of the scale parameter is given by
MS s 2 N-2. 2 N-2 N-2 N-2

MSES = diaii+2 Z 2 didjij+[ N di-1]2) (54)
i-3 i=3 j=i+l i=3

Equations (54) ai.d (49) are the required expressions to

compute the mean square error, but in this case, it is de-

sired to minimize these quantities.

Minimization of the Mean Square Error

Both expressions for the mean square error contain the

scale parameter squared. At this point, the problem is to

determine the values of the ails, A, di's and D which min-

imize the respective MSE function, and these values will be

the same if the functions are minimized without the (s2)

term.

Taylor (Ref 17:198) describes Lagrange's method of min-

imizing a function of several variables subject to a con-

straint. In applying this method the original function is

modified by adding the constraint equation multiplied by a

Lagrangian multiplier, and then taking partial derivatives

of the function with respect to each variable and multiplier.
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The resulting derivatives are set equal to zero to form a

set of simultaneous equations. These equations are then

solved for the values of the variables and multipliers which

minimize the function.

Matrix Equation. To develop the matrix equations for

the calculation of the required coefficients, Equation (49)
N-2

is modified by adding the constraint, z ai=l, to give
i=3

N-2 N-2 N-2 N-2
L alii+2z E jaiaiajoij+[ r aipi-A]2+C(Zai-l) (55)

i=3 i=3 j=il 1=3

Now if N=7 is the total sample size and m=3 is the size of

the sample after censoring, application of the Lagrangian

method results in the following set of equations.

aL
a 3 +a 4+as-l = 0

aL
.• =-a 3 P3-a 4 , 4 -a5S 5 +A = 0

a- a3(G33+V 3)+a4(a34+,3,4)+as(o35+)3.5)-Ai3+ 0 (56)
aa3  333 4~4It43L3 32=0

aL 2 0,
Ta4 a3(o43+P4P3)+a4('o44 +P4)+as(545+41.,s)-AP4 2

3L 2 A
W'-- a 3 (o53+.5i3)+a4(054+PS,5 4 )+a5G(.S 5 +t, 5 )-AI, 5 +- = 0

The above equations in matrix form are:
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0 o 1 0

0 1 ")3 "P4 "P5  A 0

2"1P3  (U3 3 +113 ) (' 34 +P31. 4 ) (a3 5+PP35) a 3 = 0 (57)

2
"1V4 (a 4 3 +P4P 3 ) (a 4 4 +04 ) (O45+P4P5) a 4  0

2S -PS (a S3 +Izs P3 ) (0 5 4 +Ps P4) (Gss+ PS) asJ 0

A similar procedure for Equation (54) results in the follow-

ing matrix equation for the coefficients of the scale par-

ameter. 4
(a3 3 +D) (a34+P3P4) (F3S+P3V5) d3 ,3

2 d58(043+hi4113) (o44+P4) (c45+ P4 5 ) d4 = 4  (5S)

2(a53+11Sp 3 ) (as4+l1sp 4 ) (55+PS) d 5  j

where D = + d4 + d5

The matrix Equations (57) and (58) include matrices of

the expected values and covariance of standardized order

statistics and the column vectors of the desired variables.

These equations can be solved for the column vector of m + 2

variables for the location parameter and m variables for

the scale parameter.

Solution of the Matrix Equations. The above matrix

equations were solved for sample sizes of N = 5(1)20 on the

CDC 6600 computer. Basically, the main Fortran program reads

in the values of the means, variances, and covariances, and
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the matrix equations arc calculated and then solved by a sub-

routine to the main Fortran program. This subroutine is a

modification of the "Matrix Equation Solver" Fortran extended

subroutine due to the Computer Science Center, Wright-Patter-

son AFB, Ohio. The values of the linear coefficients and

constants are tabled for each N and M. In addition, the

value of the mean square error function is tabled for each

sample of size N and M. The values of the mean square error

functions are calculated from Equations (49) and (54).

Equation (49) can be rearranged to give:

N-2 N-2 N-2
MSE = E £ aiajaij+[ E aipi-A] 2  (59)

i=3 j=3 1=3

and a similar expression can be developed for the MSE of the

scale parameter. With the known values of ai and A from the

solution of Equation (57), the MSE is easily computed in a

subroutine to the main program.

Additional Censoring

Censoring from Above. The minimally censored sample was

defined as the basic ordered sample of size N with the two

extreme order statistics censored from each end of the sam-

ple. Additional censoring was accomplished by censoring the

sample from above so that M (the number of sample values

* remaining after censoring) decreases from (N-4) to (1) for

each samplc size (N). The value of the mean square error

function was also tabled for each M. The values of the co-

efficients and IMSE for the minimally censored sample and
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additional censoring from above are given in Table I1 Ap-

pendix A.

Symmetric Censoring. Each sample of size N=5(1)20 was
also censored symmetrically from both ends. In this case
M ranges from N-4 to 2 for even sample sizes and N-4 to 3
for odd samples. The symmetric censoring was terminated at
M=3 since with M=1l the estimate of the location parameter
is the median and there is no information available to com-
pute the estimate of the scale parameter.
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V. Use of the Tables

Introduction

The results of this thesis are Tables I and II included

in the Appendices. With these tables the user is able to

calculate the best linear invariant estimates of the loca-

tion and scale parameters of the Cauchy distribution. This

chapter explains these tables, gives the required procedure

to obtain the conditional estimates or simultaneous estimates,

and provides examples of these calculations.

Explanation of Tables I and II

Both tables include the values of the mean square error

function, and the values of the coefficients and constants

which are applied to the sample data to obtain the estimates

of the parameters. These values are tabled for each N

(sample size) and M (sample size after censoring). The co-

efficients of the order statistics required for estimation

of the location parameter are listed in the columns under

**LOCATION**, and the same values for the scale parameter

are listed in the same manner under **SCAILE**. Table I is

used for a minimally censored sample or for a sample with

additional censoring from above, and Table II is used for a

sample which has been censored symmetrically.

Estimation Procedure

Best linear invariant estimation of a parameter con-

sists of the folloiving steps:
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1. Obtain the sample data.

2. Order the data and determine N.

3. Minimally censor the two extreme sample values
from each end, and additionally censor as desired.

4. Determine N and M and enter the appropriate table
to obtain the coefficients and constants.

5. Multiply the samnple values by their respective
coefficients and sum the result to obtain the
estimate of the parameter.

6. If the sample was additionally censored from above
(Table I) conditional estimation is required, and
the appropriate constant times the known parameter
must be summed with the terms in step 5.

Examples

No Additional Censorin&. As an example of the use of

the tables to determine an estimate of the parameters of the

Cauchy distribution, assume that the following data are

known to come from a Cauchy distributed parent population.

The true value of the location parameter is 8.0 and the true

value of the scale parameter is .5.

x, = 5.689853 X6= 9.222433

x2 = 7.835235 x 7 = 8.316519

x3 = 9.641365 x8  7.902609

x4 7.201119 x9 =18.926210

x5 = 8.739464

When the data are ordered the following order statistics are

obtained:
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X(l) = 5.689853 X( 6 ) = 8.739464

x(2) = 7.201119 X(7) = 9.222433

X( 3 ) = 7.835235 x( 8 ) = 9;641365

X( 4 ) = 7.902609 x(g) = 18.926210

X( 5 ) = 8.316519

After these statistics are censored the subset x( 3 ) through

X( 7 ) remains with N=9 and M=5. From Table I, the following

coefficients are obtained:

a3 = -. 067277 a 6 = .245395

a 4 = .24539S a 7 = -. 067277

a5 = .643765 A = 0

Now the estimate of the location parameter t* is

t*= a 3 x( 3 )+a 4 x(4) +a 5 x( 5 ) +a6 x( 6 ) +a 7 x( 7 ) (60)

And when this calculation is carried out t* = 8.290177.

To estimate the scale parameter the required coeffic-

ients av. obtained from the same table.

d3 = -. 153945 d6 - .369546

d4= -. 369546 d7 = .153945

d 5 =0 D -0

Now

s*= d3 x( 3)+dx( 4 )+dSx( 5 )+d 6 x( 6 +d7 x( 7 ) (61)

and when these calculations are carried out s* .522809.
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It can be seen by inspecting the tables that the esti-

mation is conditional estimation when the sample is censored

additionally from above. In all other cases the values of

A and D are equal to zero.

Additional Censoring from Above. To demonstrate the

conditional estimation procedure, consider the data from the

previous example. Additional censoring from above will be

performed so that N=9 and M=3. Now from Table I:

a 3 = -. 070500 as .82517

a4 = .245330 A = -. 032654

and

d3 = -. 231235 d5 = .779717

d4 = -. 588770 D = -. 040287

t*Is = a 3 x( 3 )+a4x( 4 )+aSx(S)-As (62)

s*It = d 3 x( 3 )+d 4 x( 4 }pdsx( 5 )-Dt (63)

When these calculations are carried out, the following esti-

mates are obtained: t*js = 8.265232 and s*jt = .342227.

The same procedures apply to the estimation of the parameters

with additional symmetric censoring with the coefficients

from Table II. The reader will notice that the value of the

MSJ3 of the estimate increases as less information is con-

sidered. For the location parameter estimator of the last

example the MSI.S increases from .38655 to .39752 as M de-

creases from 5 to 3.
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Simultaneous Estimation. Due to a technique suggested

by Herman for unbiased estimation (Ref 8), it is possible

to use Table I for simultaneous estimation of the parameters

when neither is known.

If • the simultaneous estimate of the location parameter

the simultaneous estimate of the scale parameter

t* and s* are as defined earlier

M+2 W+ 2

then aix(i)-A z dix(i) (64)then t = i=31=

1-AD

+ 2 + 2

and E=3 dix(i)-D Z aix(i) (65)[•i=3 i=3

1-AD)

As an example of this technique, consider the data from

the example with "additional censoring from above".

a 3 = -. 070500 d3 = -. 231235 X(3) = 7.835235

a4 = .245330 d4 = -. 588770 X(4) = 7.902609

a5 = .82517 d5 = .779717 X(S) = 8.316519

A = -. 032654 D = -. 040287

I.

- 8.248905 + .000651 8.260428
.998684=

= .019931 + .33232 _ .352719

In summary, it can be seen that although this technique

of estimation is conditional estimation, the conditional re-

quirement is only necessary whcn estimating from sample data
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that have been censored additionally from above. The method

provides a simple and efficient procedure to estimate the

Cauchy parameters.
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VI. Summary

The objective of this thesis was to develop a table of

linear coefficients which could be easily applied to sample

data to obtain the conditional best linear invariant esti-

mates of the location and scale parameters of the Cauchy

distribution. These estimates are best in the sense that

they process minimum mean square error. The coefficients

and constants required to calculate these estimates for

minimally censored samples and samples with additional

censoring from above are tabled in Appendix A. The same

values for samples with additional symmetric censo:';ig from

above and below are tabled in Appendix B. In addition the

value of the mean square error function for each sample size

is also included in these tables. The computer programs

required to calculate and table the above data are included

in Appendix C.

This paper also includes a brief review of the previous

work in estimation of the parameters of the Cauchy distribu-

tion from 1961 through 1970. Much of this effort was ac-

complished at the Air Force Institute.of Technology under

the direction of Professor Albert I1. Moore and sponsorship

of Dr. H. Leon Harter. These works are concerned primarily

with unbiased estimates of the parameters.

The Cauchy distribution and its peculiarities are dis-

cussed with a review of several ways in which the distribu-

tion may be gcmierated. The order statistic theory required
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to obtain the expected values, variance, and covariances

of the order statistics is also reviewed. The mean square

error function for the estimate of the parameters is de-

veloped and minimized by Lagrangian techniques to obtain the

matrix equations required to calculate the linear coeffic-

ients.

The report is concluded with an explanation of the

tables and several examples of the application of these co-

efficients. A technique of simultaneous estimation of both

parameters of the distribution is also presented with an

example of the technique.

The method of estimation presented in this paper and

the attached tables of linear coefficients provide a simple

and efficient method of obtaining either conditional or

simultaneous best linear invariant estimates of the param-

eters of the Cauchy distribution.
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APPENDIX A

Table I
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7 a . ý-14 7 *45 0 7eS
A o'v27l27 * oL25746

14 4a1P 
-4 .34

5 4

A .~71 r

4 *~g 4 *:.j

A -6islijc

1) 2 .61474 3 55C-2 1A 0
14 1.1~f 14

i2 *3Lb57 7 i.%::cc .59?%162
A -1*275"1i2 C -

ii 7 2r?f17 3 -*2C-C2? 2v;742 I
4 .83E 1 ~ r4 -2'ýiScc6
5 .23%r -22 5 -27r)72 E

7 2?9622 7 *77)
A a r C ,

A T 0 E .. L C .t~2

411



GAPd/M.ATP/72-?

TAnLC' T

A OcFICfIf.4T FOI *4EST crNPITTCP!AL FQTIt'.8TICN CF TPPF
LCCATICN' Af'n SCAIA FV AOE~TEIl' ^F Tf-Ec CAUCP'Y CISTRIr'UTICt,

('~lJTI4 PDODI CNAL C .C;!IMG, c~PCI AprVfl

*~LO'CATICN c C9LE *
14 14S T r.cCFF.S I eC*.

0 060 0 0 0 050a 6S*O * 0000000 0 0 00 0 0 a so... 0 00 00 0 0 0 0 0 0650 406aa0 00

La .uA~Z'A 74 -? '1

6 -o %j2774
7 32 ? r2 7 o?79757

A o 3 2 1 *2I I

ti 5%1~ e!77 0fi:
5 3 0 .70 ?n 6

1 0,77c4 2
S , 15 131

A c.¼¼ oZ46.5v?3

11 2 ?~yi 3 n,'7~ *57 7 3 -. 11.erc7`
4 E E 7 O 4 o 347 7 r

ii~ 2 2.1i*. F 1.W( .5476 Z? 5
A - 2j 7 2 C o r3 )2.'?



co Y.

TAOLý I

COPFrIf~IrNTS Fn.ý ErST CC')dTTICNIAL CSTTMATTCN CF THF
LC^ATICK AND.l SrALE PAOMC.7PS 'IF TPE CA1.rHY CIST~IIUTTC'k

(WITH f.POITIOtNAL CFEN'SOqING FPOI' AnCM~

SLOC4TION ~ CULE ,I.N M M 1-E CO CCF. I CCFF.

12 8 a 21-Aif 3 -.943IV6 42?e9S la -,047234.
4 -.024'229 '4 -,174151
5 i.-11'4i8 F lll266E0 ?'
6 .4iJ? SfP 6 .13AC24
7 o '4329f"q 7 1

9 .4j?~4'f29 9 1i74 15 1
13i -.'1'13156 10 a 4 72.74

A o ' C c CG

12 7 o2ri4r, 3 -ol437jR .23290

4 * 4 4 17 4 -o177?75
5 i7 1'^ 5 .271 Sr-i

7 4.C.C7 7 .1 319 7 ",

9~~0 -. o~i 24544i
A a C1~. jr f 4 C. 001 0F

12 6 3? A 5 3 A.4 74. ?5 26~ 'i
3 .2 It --,e1 '4 -194 'cc4

5 o169044

7 .1it17 11 7 1i4? 29

A 1~45 2( 1 '4

12 5 o2 44c C .'~~q.±3

5 Ss.1692 5 -o381476
6 *'414C2L-i 6 -9225124
7 *v 4 1rý7 -7 7 o*CEJ P j

*A sl?2~9? r 7i8

*12 4* .? 9 3 - 0 fl'cfL. .411 C5 15 3

4?



!- 41 -WW , , I

7A

* COVFF!GICITS FO" --ST P.C*'rITICN!'L rSTTe.1tTICN OF T'~r
*LCCATTC?ý: AtJt SCL FA-''A"E=TrS O)F THF: CALOHY tIS1IV'TIVC'

(WITH AUG3"TTC.N1-'L C:VFC"IhG FPCV APCVr)

*6O .O O.S eeO~4a 000 S@4 ~ *..e... *.. ....... 9O

*a LOrCATT~kM S CALE
F N,! MT CC~F. MSE I CCFF.

12 3 *77j 3 -J17 *47849
4 -G."-,1712 4 -4 434 ̂C2

1'~ r -3E 0 9? r' -46-,r6

J 2 2 .'?122 .34 3.5 P4 4L7eA82 I .E E16
4 1.1 E 4E' 4 -37A 4iý5

A -i.z2?7' -.271ci~5

12~~~~ ~~ 1 nr: . !.,VV.~7 3~2i

13 9 .?Ie 4rl 3 -*: It,2C17 .2,r'u4 3 -3~
~~4 -. '37~ 14 S*~j

13 2C .2ZPF4 6 -2 '1 IL7
7 *4 1il .cq 7f

13 f, to ~ 8V '14

11.~ -, 1,33 1 7 11539

8 *2 2'+47: -i3A 20P46

2 ? -'4b ? -ei2i45

7 .L4' 8 7 .U¶q
3 .? S4 PR 53 o232741

14 14



TALF' I

rcrrFTC~rNc'~ FCr- Frc VCE-!TTCNAL FS7IMATTCIN CFr TtJ
* LCC 1 V'ION At'n SCALC CAýP!ý-=MrS CF THC CPLCHY CIS7QlIlUTICN

(WITH A.C-C)I1IJCTh1tL CEVCThCTN FRC*' Ar'CVC..)

****~ LOC.A.rICN 1 # 5CftLE~00 0*04*00 4 0 S0 0 0 0 0 0 0 0 0 0 0 0 0

1?3 7 .2U 2 Q A 2? C 3-

S ~j14'~ "r-

3 -3J12! ý

-4 u.:7 (C '4 E4 4 .

7 C. I-a2 -. L(

4 7 ,r -3c

I3 ý .?7. 6 -- a ?2e'J 3 -

5 C'~71 - -. 9.'1 5V
FA, . !7,b 7

?744~tLr 7 , JL, 7 5

A o-j4 7e eI o 35 -)'ý:c

13i 1 ?7.3? 3 -o~~c: *(4jC7('1-^ 3 r r72; n

5, 217 4 5 2, 1:4 L 5

A -09-~~1'7 E -,)7E,2

14 i.. 7 14 .. *2 I

A ZI77f1 C *'2

14 'Z t, 3 D 7 "1 c14L E 15 .. 7 8 cc

13 2i 1.IET47 14-r-

* ý'47 4 5-c



rOE::f IfTe',O- 170- 3-rST flC~r1TTTCtv0L E-STIMA-ICN Cc- TFH-
LCCAT~CTO Al"1 "crAL: FARX!T--FS CF T~ CALrHY EIf1'InUTTCKW

(WITtl tCITIO'4AL C.r~eOctir- FkOt' ArPCVE)

SLCOATION * ** clCtLE *
I ro-,M"E I CCPF.

13 1 A L £.7 1.cctL

A -1*8322'225

14 lu ic98i 1 QI7?22
4 44 -12~

7 Sc;7 *%7! 7

12 1 1 r

A jL

14'.12r i *P F-7 4 -. ~37
4 ý*.jC41 4  £4 ..

6 j 72-c Lv

7 34 e7 l.c7rLr'

9 *10,7729 9 *2l17r20
I P' 1127Cc 0 1c IC

19C 2

*14 5 22.LV r Ai~~ 11 '

2 2Rc 02E r.-. 4

* 7 * 7 7 -ej 1>4* 44

3 A I c

1. 3c"I ?



LC(01 rI ' T F0 Z17FO CCt:PITl'NflL FSTI9IATICN CF THr
CtrAT INAT t1P ECA4'-TP OF Ti-E CAU'ThY CI5TRIL'TICNI

('.ITI ADITUAL ý:EN¶ýGPNG FPCOM A9CVr)

N M M: I CCV I f~t.F

14 7 .2fr,4', 3 -$.2SCca 921S56 ? 22~--
.4 -on~414?7 4 -.1i5-.0
5 , lr5

7 0 1a o5551 7 -. 1237A44
4 81977

14. 6 92VbfbI I o.~1 2E827 2 3?6r
14 9,410j'70 4 *jt1 4;r4

r3 0 .*AC:-) 8 ;

114 r .221PO 1 4-C) c r-4 .34 7~ 3 1 47F1I.
4 -034f 1 'C 14 -. IcJ2,?
5 ý3 ~ -0 ý52 'E9

6 *.44E?r7
7 . 14 4 1? 7 09 eM
AI .. *0E~fC C -*j'77'7I4

1 4  14 l.c"7~S 3 -3 4iU1 ELA' f 34[~
4 -. 335 14

~, .~147 E * . 07C,
A -2 3 1e - C -. 41? :?31

14 1 mL?~! I .fEq'rK7 s 1 4 j(-57 Ln-

4 -11 qf'(,r14 9~4 "i4r'%J

5 1 11i~22? -o -2f.ý' 4 71
A .,579;,(O a

114 2 1 C ~4C, a 1.7 ? 4 C' C714 7 f3 ?rC

A r -0 1? 0

17



TMnLF I

CO!-TcI'ýI! NTIS FOR PEF'T C.CNflT~rm~AL iATT?'tTICK rc T'-;
LUf'ATlCfJ Pl.:3 SCAtLU PARAVI'"C OF Th-E CtALn4Y CICT'r1:- 2C'

N M MvF T COS F 0

14 1 4 o5E,41 8 r i . .5,21 F I

A -2o )717C~p

*15 11 2E 12. i - 0 4 17 .1715n 2

55 i J2 7L c5 c .Li

7 paC7
3 i F. -

9 2 -1 C
I n 1 231i t-~ Z 1

15 12 si~~3 1 -121. 7i2~ L

J24 -. -

7 o2?lq",7 7 -

$ 3 3 1? 2 !-.

12 .2?24 3 1

A .'7 !C: E c

24 4 9-7 F. 1774

5 .) i5 1.

ra *.1~7 27 -. 21

7~~a 7 r,4 2

.27fI 1,
it 19 2 rc* I C

r4 7



TPnLF T

CC--FcTCTFNTF FCR ýFlý!T CCNETT~r,,,,L ESTIMATTCN CF 71r
LC'ATTCM Al. SCAVr P)fAETJ--F IF TI-E CAUC+Y rITST*TnUTIrt!

(WITH ACOI11rh!AL F OTj.P~CP Aec v r

*4 LOf'~AIGN ** 414 CCf.LE
N m mr5E I CC--F* I CCEFf

I S q J 55i0243 c279i ?I3

4 -oL'4177. 14 -o3e72q2

7 o27.47 -17 3 &F
8 3?4 Pj7? C, 7r?? 4
9 1511 c S7 7 2

15 7 1 7c. 1 24 C.2

E .3L.Oýrr 6 o7S

9 9'zýE 171 9 1?2
A 1Y4 7.? f .

15 6 *19.? q 3 2 -5 b .2 8 2 3- 2 -o .317;7
4 -. 4205-^ 4 11~fr
5 0.3"171b -o .2747L,1.

6 OUR207o
O ?ei4iL. 7 -. 2ý6'cr

A -. 21.7('r 0 -0 ý31

4 -. ,1 4 CE7j 4 -. 16!pc3l

6 *j317!7 s6 -47r~pi
a *O4sFp 7 4 r04

A ~*~~;c -. 25Q.L&1

4 51 3 2 P~IS A 3.:

A, C-



T~nLE r

COcFFIrAIFN'Tte FOP PEqT 'CMIT!CMAL ESTIMATICN CF THF
LCfrAT1CN Al.L SGIAL' Ft P4 CTLWý CF TFE CAUCP.~Y tr:IFTReTBJTIC'J

(WIT;' ACUTTIONIAL trNSIING Fr'vm 43CV'-)

SLOCATION F CJALE
N M4 4SE I C.')EF. 15  f CEFo

i5 3 *476431 3 -)'9:' *r('2

~E i.~ 7 5 115JA~
A S. 7 2.3~ Z -55 0 e

i~ ? ii32r~ 3 or9 4iý34 3 -.. ý46FP4
14 1 , 7 4 SO7 4 -937!Lt. 2

15 5.?L.7l7 3 1 c r s544 -213 17
A -2s.14t~L2 r -*2i8:i7/

tP ¶2 if.E7 L0 5 9 2 si C 1~4 ? 4
4 7-.'F 7 14 -. 69 7*

7 9219a-7 7 -. 1?22:19
2~ ~ ~ -3r-:4 .i 417 '!7c I

119 ?CA

12 -,3jil(y 2  12 1
13 -*J7( 13 W,7'

A E9~t c

16 11 *±r-37 ? 185 3 -~4P
14 -)7 -1,4 4 o. 6 J- 2
5 ,1 .E 7 tt

6 3J7 4 P3 6 1.3 7 Z
7 *12747 o..173 r I

3 o3PO.48 o-.j7i t
9~ C7 '7Ic C47

23461As77;

7 1 I 7 "'



TAnLF T

CCFFFICIrMTS FOR 9FST CCNflITICNAL EFSTIMAIICN OF THE
ICCATION AVO~ OCALF PARAM'C'TrPS OF T'4E CAUCHY CT57?IPUTIrN

(1WITH AO"ITIO0IAL C7NSORING F0OP ARCVF)

LOCATICN SCiME
N M ME I C07F,) M~tE I CCLF*

16F 10 1i7 Z67 3 -2 0 O¶-68 *1IF233 3 .Ccl~ii
4 -9)27d27 4. -*,62t96
9; - 11777 ? 5 -14Z
6 e9755IL4 6 - lI5
7 *2151,27 7 .. j7 P77

8 ... 7353q

9 ?3ýZffq 9 *j71421

16 9 *32-- 1 0??c0 *7?56 3 -.0i5F74
4 -0?1Z4 -oo*413c

5 -@01)'74.7 a -a1
6 o -17 6 6 02hb
7 .2~ 0 ',ý 7 -,1951i67

9 0*.qd2iq41 o07?ZR?

la 2)SI&P~ 1~ 01821.21
11 -9.7f 11 *4957.aO

A a . 4 8 f-i c eu48678

16 8 s17245 3 -.I2n7fe Isrq Is -.a0 18 C16
4 o ~314 4 4 -*075145

7 *2~30-4S 7 -o21qýi5
I * 3 ý8317 8 --o JgRi325

9 031l.Vrl9 0 u72eCr0
jE) sjý977'q Ic S1C

A *sS7f497 0 oj65C47



TMEL! T

rnCcFFICjr*NT` FOR nFST CCNTTdTITONAL FSTIMATICK CF TI-S
ICCATION AND) SCALý MiA'T97PS 'F 7HI7 CALCHY tISTOIOLTTCtl[ C~~WITT" A09')TIONiAL CectJCRIN~G cPOIM AýCVE)

N m MSF I P0c IF I CCF~e

16 7 1. 7:97 3 -0 2.)ale? .235a1 'l -.o 21 ý57
4 -o9IP4C 4 -e,917F6
,5 -.J 14272 5 *VC

6 U7ýt47' 6 -2*7
7 9218FO? 7 -.275711

9 .4 1 7
A 012l1'lý C. *021499

i6 6 oif%45'q 3 -o:??13 s2046fl I .27~
4 -*3.41iF'! 4 -*11624ý
5 -*17F o 25- C
6 *n? 7C-7 6 ... 371t.C

r 214 8b 7 -.ZA "IPG 6
8 .7 q2 C- 8 i.1 s 01 4r6
A -. !, 2 C - 9i2 ' IL '

ir, 5 sc17?6~ 3 -. n2675L .3a~8 3 -.0?56
4 * p~i -,P 4 -014 n 2 q
5 s-1 5 734 5 -, 31 ý 226
6 * V S:P F 6 -.4547f'.
7 19921027? 7 q577
A -a2 %'131 % C -,?7Ilr5

ji S 4 *3f 146~ ? 7C7'.AP.33 %, ot3!:ES7
4 .?i:7 17 4 o-1.i "-212

5 -494gi9~ 5 -s333147

A -.£ 4 516 JC r .553ec,>

1~ 3 o52125 ? -.*2'A?44 03(-8414 3 -9035ECt1
4 1:, 4jg4Cr 4 - o ISE ̀2

5 1.2111%78 5 -s35595..:
A -7ý5fl2fi C -.541179

1c 2 1.?7%vrE 3 -*177..-%4 .3 9 f o C-1~7151
4 1,177-7L4 £4 *5%

-1 ~12 7 rp



GAPPMATP/72-3

TAnLE T

COEFFTýTCrNTS FOR CFST OCNPTTIOtkAL ESTIMATIMr CF TI-F
LCCAiI0N 5t'iO srALE FAPAP:ETFP4 OF Th-E C~AUCH~Y CIF7RIPUTICN'

(WITH AD-)IT!CNAL C~ftJcC`;IG FPCM' ACCVE)

SLOCATION ~ SCALE

N M MSF I cocF.* MSF I IýCEF.

A -2.'?51378L D -*ý40

1? 13 elr,44C 3 -o3160148 etF7 1 1

5 -. ')?2?Fi 5 -oit'?Fri

6 o '2~7 6 W!"1E ci
7 oi4Z717 7 -*i751r1
5 .24.57F4h 1 .1K5 r1r
q e2P09 .-

10 o i-71 10 115~r15
ii i71 11 *175151.
12 ~3 7 Z 12CI

ill .. *1ý77r 14 *047.-73

17 12 1, 554 3 3 -071 .±'?%'1 3 - .i84
4 -,109 4i -ou4'!T,.
5 -0'2240Fr 5 -l7O
6 o ý 2 .C 6 -*jiL4 L5'

7 91447,?9 7 -.1757'6
q 9471tl8 -. jji~ba10

9 *2!%790 CL0
13 *2'.7F72 10 $1i'5247

12 433S992 12 oi64257

14 -. Si%8' 14 o064E98
A 1 C 0~4 62 2



GAP./tAATH./72- 7 ?

TAPLE T

CVrFFICTFNIS FciR PCST -CCNT'tTICNAL EqTTMATICN Clr TH~E

LCCATICtN ANDO sCIALc FPZP:E: Cc: TFS CALCI'Y CTýTRIPUTICK

LCrkTtCN *4SCALE
N4 M mE I ror.1SE I CCEF.

V7 11 oiA74? -#017?75 .11496%32 3. e'JiIS72
14 -*CQA144i 14 -.o1 4 MPO
5 -*3227*Z5 5 -*.1oPll
C, eU4 ftPE7 E -*1672FS
7 *146 f r 7 ei7aallrEi

6 *231.;C 8 -#117713
S 29~4~774 9 -*O,%P7u'

to 25141a I .116287

1t -#390r.8 11 OI773ýq

A e 119 14 4 0 .018S77

17 10 o1r9?r 0 ~ 17 :,E F .IFt77 1 o0137
14 -.3!ý4777 14 e*C512t3
5 .?9 5 -.115222

;4 *.1439 6 1.7c5Er*9

7 o14?uE'?3 7 -0i312ýi
8 .?545%7A 8 -ei24E89
q 029?..P2 q *02

1 3 OZ954.71 13 * iq94s6~
It ols~ee- 11 .183114
i? -*07414:q 12 .143qE84
A 60.714359 c *0L.2bsc

17 9 *j59g~in 1 -317517 .17250 3 eGoi3?.q
4 -02V3 4 IL7 14 *504

5 s 122 P72 5 -#12716S
6 .34'~E -.194E81
7 .114S717 7 00,4
9 Oe c r e c*14-ýýf
q *3A,70 9 9 -. 0sj7qi4

iý 25P10 s ol2'372

A .0599O47 c .ý64757

r4J



E FICC'~SFOR~ fLS1' CCNPrITTCNAL EST~TVAfTICN CF TI-
LC'.ATICIr AT SCALF FA;ýv".TEF.S Cc Ti-F CALCH'Y CIS7T0!UTT0-'

(WITH A'V-ITTIONAL C'VS)-INC; FPCI' A'CVF)

SLCCATBCN SCMLJ
m~ H TIS CC COF.M I COFF.

17 e 15901 3 -*)17547 o?9170 3 -. 15736
4 ff3~CL 1Ot..~cI

7 .9r47 -25ZI117
A .23~~' 8 g7274a

* .;804 F 10 ,q6?pr5

Al .L~ 05 .7CiI7

17 7 o 1641di 12 o.I.f24743 10 -jL 7'
4 -.V?E IEf 4 -602C'L.
5 -021 -U9 S

7 4 r 7 -.316c774
3 .%E8 -e2`9763

A -. p' C e 2 7 FP5

17 6 ij66~ r- .2K.2 .C9 3 -oU24Ji5
4 u , 4 i 214i 4

7 *i5?72F 7 -.402131

A -o1?4~3ES 0 -9224F'4

17 5 .Oi84 9 .246 34Ci9 3 -sU27L.3q

S -.34~IS9 9: -
6 ~6 -*41F6'39

7 1*)7S~clS 7 o?641R9
Ir.~1b 0 -6 467 lf,!

1?I 6~.195, --. v .406 3 -. 6'004~
4g -e')?PF 4 -12. F,'9
5 -..i1 1%,1 5 -o 775744
6 loljeo4p 6 -0154E22

-.?17!w8 C 5?i



A TAPLE I

'ýOEFFICIENTS PO)O Prq. ýCNVIT!CNAL ESTIMAITCN~ CF THE
ICCATION AtNo srALZ t'A;AM=TrFPS CF THE CAUr~tY C15TRIPUTTCK

(WIT ALCIT IONAL CENFJOR~ING F91OM A'rCVE)

N M I~' CCEF* ?MCE I CCrFo

17 34 *5-8 3 -.OE8135 035E46 3 ~O~C
4 -013271? 14 -1O
5 1.221*5? 5 -*37V6Lg?.
A -*8515725 0 CM,1

17 2 1*42468 3 -,17A7C5 383 %. .~09
4 lo17e7(5 14 -#345--'1

A -1,31!4 4C(.1 C~ -17510

17 1 6.7fr'p I I 0 ,T 511497 3 I091--
15 14 ii,,-,4c! 3 -0~1427o *1?(::87

4 -*O3CllcJ 4. -,CZ78'.3
5 -*1'32AU) F 56S
6 .. 16 -73 E -. 142L1P
7 7 .. *Jtý711c,4

9 o -49 1?F

10 t,5ý P4

12 i q 02 Fl 12 *jF-7 4 941

114 -0i2SEF~c C14 314
15 1.yV~~ S~

16 1.'14 7? 1 c 086

A¶ J



GAP~/MAT~i/72-3

7A9LEc T

COEFFITP~jTl FOR E-ST 'ýONVUTICNAL FSTTMATICN Cc THE
LCIPATTCN ~iftr SCALS PAO~P~r;S OF Tt-E CAUCIY CI57RjflU-rictI

(WTTH A[DOrTTONAL CE~cOnING FOOM APCVE)

@0 40 40 a00 0 0*0 0 0 a .) *0a60 000 90000040 00 40 00a0 000 *0 0 0 &0 000 00 0 0 0 e0 00a0

** LOCATIONJ *4* CALE **
N M N I rOCEF, MHSE I CCEF*

18 13 11- 4 32 ,1144,r.4 0 13 7j 39 % -.. ,0 ~
4 -,.lcr.r1l 4 -,!"'P4 1#5

5 -'2F7' ~5 v9~8757

7 95s4 7 -*IC7ýý(-

q .2il"1'S

12 1 12

13 .UI6,.9 13422

15 -.u51Pr2 15 0 15 19 8
A 0 : 1771 c oUii 5P5

13 12 *1h,6p? 3 -*914c22 oi?'030 3 -*L69172

5 -,027'ý42 5
A 0 91 E 71.b 8 *448

7 .131147 7 -. 17L113
1 0 q q8 8 -14' F10
9 2C-5124 9 ;..z%5r52

la3 .?6944-P 10 .054184

13 u112 *j3Cevli

14 -.'YS4Ck77 J4 1156ele
Mý 197 r Gc: LC



GAt'/MATH/72-3

T~lrLP I

* ~C0OFF9ICTFNlzT FOR E7ST CCtNO1TICNAL ESTTMATICIK CF THE
LC':,ATICV P'n SC:AL-- PARAMETEPS OF WFE CAUCIY CISTqIflUTICN

(WITH AD'O"ITIOINAL. CEENSOING rPOM APCVE)

SLOVATICN *v S CALE
N M MF COEF. s I CCEF.

Ii .l 14779 7 -#3i14797 4-13 2
4 -*J212i79 4 -9u412;76
5 -0ie731(- 5 -o 973 24q
6 e317 1 8Ee
7 *i)274C 7 -9177'.4ý
'3 .2)19(C4 8 -.14661eV

9o .26S173 10 *541
It " Qi, 11 143511 t.
12 sij4ýF1  12 132

18 10 .14'3'-C 3 -*)14.Q7? e Ir5 V Iq l -. 1-2
4 -. 3X14? 12 -.14-
5 s 027'!F7 5 - 2 7
6 , 11"1"146 6 - 162 E r
7 oi I E 12 7 -1017E4

9i *271172 C -. L~

12 .3113$11 12 C.1AqC 8

A e 0lqjjj c 6E8

I 14 If f .0 14 o7'ý .17C27 r C.
4 -,"7142F 4 -.ý49770
5 - 1.1 1173 .1pp-0I5V

6 173L 4L. -. iR5479
7 *1 s74t8 7 -*2?c'~7

q o2712' 9
1) .271919 lu *%'oSS266
Ii. 01>591.5 11 o6ir
A 0.15794cC



G Al/ MA TI'-/72-'?

TAML T

CCE-FcIrýINTc rC cESy CCNrTTICHAL FSTIt1ATICtN CF 11J'

LCOATICtJ AU) Sf-ALE ;A-A F IF THE CAUC-v rISTRI7UTICtJ
(WITH AICITIONIAL CF"SORING FR(Th AFlCVF~)

SLOCATIO1,I4 SCALE
N m MFF I r 02F MSE I CCEF.

18 p si1ý2 3 21~5F C2i(5 2 34
4 -. 0 1.E 4 -.Zi59S2A
5 ... L^7C'EF 5 -,i3eS72
S3 a 16 ol. 5 6 -*224Se7

7 10 3 E E 7 -.269Ac.1
I 924re4 8 -o2 .;55q

9 .2721(l 9 -sljý7L.A3

13 *4 7 ?'.-7P A Iu 1 1a 7j1 r
A lji91heý c sý2'3E98

11 7 01583c, 3 o.1C? 25751 -o37'c
I' -. 378' 4

5 ?F 5 - , 17222 1

7 ~7 -o3"7778#

9 *748704 9 IoJ7ý1-2

A -66 2-lCI" 6 2iE0 3I15 6 1 3 -. 11 2E? .3 C, 7 5 L .2 C 1'
4 -. 3 3 E7 4 -og6L 445
5 -.)!F.6?07

7 e.112ý7I 7 -941t,21'ý
8 88 5-
A -'19.4el C -#32973q

is 5 0?2028 .3 .*P2'?4 91?746 3 -*0224f5
4. -*)51:.'25 4 -99-'4
5 -. oi317FS S -o225727
6 %cc E -*.3'30767
7 1 t 2r2 7 9i%4L?g

A -o3711i2

1 7 g4 ucýA I 135 C3 q 122 O o C-2 2?7"2
4 1 1~i.9 409 cf

A ~~II0 e,5q7t45'

Ico



6 AI/ riAl / 72-'

7Ar*LP I

frnzFFT'!IrNTS CO Cc~ CCNVJTICIUAL ESTIMATICN Cc T14F
LCiCA'11ON AtD SCALE Ptt~METERS O~F TIH? CAUCI-Y CIcjt~I,?CLTICN

(WITH AoTflITIM'AL CrIFOr!IiG FRCt' APVE)

0~~~~~~~~~~~~~~ *00* @ 00C 000004 **0*S 0 005 0 0e g. .. 00 0

FF I rCMS F I rCCrs
***00400004000460o 000a0*00a040060000000 0 0*a**0*a 00 0

i~ 3 .62551 a -i 11~ (122i F3 -. e 7
4 4 -.O99P2'F

15 1'7~? 7'. 5 .*15q 4 4 7

1,1 2 IaSý643 1 -. i3Cit ~ .77 r-.?.1

A ~2.3777? ( .±1204 7

jq ~ ~ ~ 1! 15 c14 I -.. 2~ .~2

5 -. ~-.355SP6

A -2,6q?790

5 11 7V l72 ...r'7227
0..4 1r. 8 -o ý7I31 ýc

F) r230 r11 2 I,

12 * lo 12 *14.71F1

A? -. ýi ;t

A r 3 Cr



GAP/MATH/72-

TAFLF T

(COEFFT'"If.NTS M?~ !FST Z.ýCNC.ITIOMAL CSTTMATICN CF THT
LCCATICN Af'O SCALE PFftAE~TFRS CF Ti-F CAIUCHY rCI79TRIUTjCt4

(WITH AZ(P!TIONA.L CENIZIIING FROtP AnCVE)

SLOCATIONI cCPL
I CC~FF. MFF 1 rCEF.

19 14. ftl- il -i2 '"0  i2 e41 4 -.3 72111
4 -.u27?29 4 -OU31116
5 -.JVe324 5 -u71 -4!
6 !11~i2? 6 -.i22.1P9
7 OC6ý1ap 7 -.slWZ53
8 Ic~i777 8 -.171,?76

It s294cA32 II
11 i5iL.7 J2 17

i2 4 124C 1

-14 24 lifr 04i2774

A ogJC'I 77 c Z)24

4 -*J27ýiP 4. -.*31lW
S -~?~~I25 -o.074'56

7 0~36ECIFF 7 s 156 c 34
8 .1.53'?7 8 *146ScAA
9 *22747?c -969i'q2

Ii .227r72. 11 *uQ1112
12 oiro'-AEO 12 17S

A 00.74!183 r .012P43



lAnLE I

EPC;FFIL"IrMTS FOR 1r5rT 'CI4['ITTCNAL FSTIMATICh CF TI.4E
LCCA;ICN4 ANDP zrALz. Fiitko-ET7FS OF TH-r rAUr~v CIFTRInUTICHJ

(WITH' A01~ITICNAL CCErSOING FPO?' ADCVE)

LO0nAT10'4 * C
N m. MFE I CCO F FM. T COFF.

19 12 oi?7e1 3 -. )1?92 1 ?3 Z .! 1O7 :12
4 -9C27q47 4 -sCS42'l?
ci -^592 5 -eC76.IC6
6 61~11776 6 -o127198

7 1%r 8u77 7 *6K

12 o=97012 01,
.3~~O2FL. C! Z1.C

1L4  14 2 c!') r

4 -sL a -5

6 03.)115[F-.~5'
7 . .. jV7 - 1717eS

'3 .16EPL7 e -ol64!7:

ii *2?3!lva 11 .95i
12 .15'34F9 12 ltq7S72

A 95 4 ic 0 0 551015

19 11 1 .8r 3 -.UI2723 .1I.E?t1,, S
4 -s3J'-f,7 '4 -,~3R2J7

rl - c C.

6 6 .*j ýO7

9 0 2!ll4Et -11IAC
ii .2EL4 'c.31
11 *2?4L4PS 11
12 j Ir.12 r 4S
A .j If~ a r 1712C3



GflP/M 1TH/72-7

TtAILE T

COCEFFIOCtkYTS PO' IIST ý(CwrITIo'!AL FSTIMlATICN CF THF
ICCATION AND.~ FCAL'ý PAA~Ia1'TFRS CF TIFF CtULIPY rjCq~jnUTjCf

(W,1ITH fl9TTIONPL CENS'3RTNG FPRM AMCVF)

SLOCATION SCALE *
N U MSE I CGEF. '4SF I CCEF.

19 9 *917 ? -.012771 0i826" '1- 2.10 6
4 -*52e?79 4 -oC447j2
5 -o )29?7E 5 63H

6 e1-11379 6 e7?6
7 16P7Fb' 7 -*272?14

9 *.773Th?3 01 -12~

A o 34?ýz1P c 0:5ý

jq q J.'2 2 -OJ1 3 1l-7 *22 13 ? - 0 11 nr 5

4 -0 .1918 4 -,.q427'

7 *Cf-Sli4 7 -*277SSA

0 4 C;91 .( -0i2"241

e2 .6 ';7 X9 IC 1.s12 C2? 7
A ... Ojýf.4r C -06?F114

iq 7 Sir-5cc 3 -*0J14202 .2r-1448 I1 - 56

5 ..'~O~i5 -Oi56sp,
66 -. 3264".

7 *;7lejC 7 -..34I1r,7

IA--'7F8 -0378S~98
9 *sfl43-7t C! .931F1.6

A -sl16I4,v c egil

l'q A .18197 3 -oll~'32 o291 ,lr'
-.Z2?2? 4 -*;,75C61

7 3)~2 7 -*3964P,2
d 1.j2B13C 8
A -. 24,l'O 0 r 4'4



GAP/MATNI/72-7 Vega /0,014

TALF I

n 'OFFFICTrNTS FCP qrST CChrITICNfL ESTrItATICN Cc 71-r
LOCGATION Atmn qrALr F!'EFTt-FS CF THE CAVfWY tJI¶R~eU'ITCN

(WITH JIT~ITI'ONAL CZf50)ItVG FRCIV ALCVE)

K MF I CC=-Fe S I "CEF.

19 5 .2?90qU -.T J2-25( *31-317 %. .184
4 s J ~ Q(44 -0079EP(4
5 3q~c 5 -913ge!F7
6 o'jl7fl7 6 - .3??Z q

7 161512i-i 7 I,7 8
A -*f170172 C2 -. 573527

ig 4 'r(471 '1 -.'13'1'12 16~j 61 -. jL71
4 -eq~j 4 -oo7q7?3

6 1.21~L 6 -. $e-fa

10 3 ~'t 4 -.*7IE.> 43~ -*.Wi'73~

jO 2 1 7Mý,6 IR - 01 i.AC11 .431705 C? - .C2~
4 £.1'~j:lr1 4* .*3j73-07

19 1 8o4S38fl- 3 1 C , t; .'r 92 3~jjo
A -2*86202P E .97.*j7 *4C£



TAFIF I

COC~TPI*lJTc. FOR -3rST "C~r.ITIoNAL ESTIMATICN CF TJ-ELCCATICN Atn 5'ALF rArzamETcrp 'ýF T~c CALCHY CIS7TCTTTCk'~(wrH ADDIIIQN4AL 'ýEt4cOrVIG FR.OM AnCVF)

N m iI I COE F IS I COEF.

2)1 16 *12560 3 -.,i1'MiE2 *IC57 3 -93J5074

-. AP.212 5 -3 G0 ? 94

7 0 4 A 7 -14,;C~i
.It ?7 8 -14 6 i14

9 13 5 r-8 0- gli2563

Iel *.2?IEf7 1064-4

?4 j15 12 it& 34 111i6L1 *±2f v 3 146J15
L4 *1~4 1 L 14 -. 4
i5 1.)23? Fc2is 1 1'C
t6 1~~P46 -. 6" !04
17 ?d4L fP17 U?514'20

9 .1 5642 1 e jjS744

?i 15 1211 7 ,lSLP*27

45 - .4'129 41754 -U?"

±7 41 21t 17 .. 13411q

lecE4 0 -*127C

*2 2tF i .42 2



GAP/MAT&4/74"-?

* Tfir-LE T

COEFrFIeltPNTc FOR~ !EFT CCMrITIONI'L ESTIVATICI CC TF'7
ICCATION ANO 1CCALE CARL'METEF'S CF Tp CALCHY flTS7RIUTTCN

(WJTt' A09TTIO1!AL CENFC-'tt: FRCP~ IICVE)

SLOCAtTION~ r Z C1LE ~
M m - mr T rCCF. MC- I C Cr-F

2iJ 114 o1274A~ -*i13%7j .t12614 3 -*^05q26
4 -J 24 (P, 4 -025635
5 0 0
6 ~.~eC q -.5SE

7 *-Thi(96 7 -al41"76
i I(I F.?e -0163,'89

91 i6'2 CF 4*jFf

2 25 1'1 FIC 0.4 2 0 0

11 6235177 11 *42491

14 004?if? 4 1c9
15 1. .. %' ZIV ,1-5- *

16 -4COo74L. 16FQ-
A o.~e 0 £. 7f

2~ ! i I??c3 r 1,, P L L1E3~

5 -.00891'. 5 -. C62Ž22
6 -*0)3747 6 BJý6
7 9ý34223C7 7 -o1l4.6L0
8 .1164F5 8 115

9 *j'19~1* - #.16.r~2
3i j ?3P,747 10 -, u4 1--?g

13 *1?72pr- 1~ *15C
14 1'#4 i3 r, p 14 1j43.177

A *02 9 1 1 r 903271P7



* TA rLE I

CCrFFrICILNTS FCO F-FST (rCNLTir~t!flL ESTIMATICh CF THE

*LCCATION Atli cCALE P FA,?VTE~r- Pr THMP CAU-CPY CISTjIr!UTTCP9

SLof.ATION SCALE
N P c~ I COt3F9 . I CCEVS

20 12 1i3 19 3 v I v t o23 9 3 -in26

2 -45 113 "1 -o.3"27S17
5 -. 20L 'e0c6 CC

7 4 7 1.5 2 2
I 117/77 8 -010ý9'50

9 *19?271 9 -. 123144

1i $24.1 .41 101 77r

12 .C 4 -'D 12 1
13 41192F7 1 -
t4 -a375879 114 .1429PC7
A .rV3 J. 4 9 41C

21 1 1i .i7' 3 -. 1 T'E 2 IL, IBE 00 .. C%
4 -03251EC 14 -. G32.
5 -onofsIrz. 5 ..,,71c5q
6 -*:i8E9? E -*124CH
7 4 "1 P. F 7 -01b66F49

1 P AE7 1- ~.C11

?( .24 P 94 10 .C 5 4 E 44

13 *jp5F13 c l 57fr
A 3 E1 2c 39%b

201 10s 413(58 ' .16115 3U

1 7 6 14 179 ?

7~ ~ ~ a -i^2?13 t' 7 0
5 1 i -- 28 -2Ji141 ?
9 tS`-799 1.*51 %74S

11 4 ^?1.23 ?1 ,j4 3 24 5
o??4;40 ~ 12 Qr~

A 6qj-7 i



TAPLE T

CCEFFFICALT[-, FT! T'rST 3CNPrTTIC"hAfL F'STI"ATICt' CF TpHc

LC('ATIC1h 011") qCALF PfAýýAMT!7PS C'F Tl-3 CAUCHY CISTRIPUTIC'J

(WTTV AU011IrJNAL CMISO-PING FPCV' AOCVF)

SLOCATION SCAE *
N SE I rCOEF, MSE I rCCEF

00.C~ *e OOe 0 c 0*006 00. eeo ce ac 0c ec00 0. 0 0 0 ocog wee 0 seeva60

2c 9 V1-724 I -ZI I IIe1 *q3 5 -,197
14 -*!F5 1* -. C41ý54~
5 -o.229745 5 -,u977?7

7 0 u 4 2 V4 7 -@2?79,1
8 11i972 8 -9242F95

q oig4sC. 1. -01~
024i.5 10 -038811^8

ii *47Ellft I I .. J94779

A J 17 EI D e0252,46

0ý; 01!'9 3 -*"jjtE79 ?22860 -3J~4
4 - - - 4 -, .qr-

S 'e.0"i&.(7 5 -. 11EI
6 r k f'? E .d5
7 5102fC 7 .. 2*~7*Q45

.tUIFra t -o?98797
q o2 jfl 27 S 94?

11 o .7151 2F le isi7C
A -*1137'7 C -.u051%6

21 7 ej53q2 3 -00 1 :4F~ .2675L 1:

4 l.'!t(A 4 L;0I C
5 -. !1~5 -*14Pl-75
6 -91j39L.ý V -,2441ý6
7 001441Z? 7 -0321.-9
a .l2 0 a? 8 -*359--79
9 021211 9 oP4?Z
A -#Iee4r7 Cl -0 29? Eoll

2? C' 61059? ? e-ibr5L.C~ *2?25C 3 -o.'i4765
4o -*2'27Pý, 4 -c*,14'222

7 9.145W~#, 7

8 le 174',( 7 *17C 7 7

o~ 1.145179 .4C!4 41



G At'/MAT H'/ 7q?-

4 ~~COEFCVýINT'TS FOR !Fq 'CNflITION~AL ESTIMATICIh¶ CF TWE
LCCATTrN ANDO SCALc rARMýTrr OF TFt CALCFV EIVTRV2UTICN

(WTTIP A901TIONAL f!FtNSOrjING FDOVt A93OVE)

SLOCATTON SCALE *
N MJ 'SE I c()rF. MSF I CCEF*

21 5 l2v%',5 3 -o521772 .29862 3 -.015151
4L 1.h8 ?314 .6r7

6 -e.!7LiCW .7R2
7 jj7ýcjl 7 -*.C792?5
A -95127e7 C -0599,!3

21 14 *39 77 3 5.iLC 12~ LT -. i5L

4 *JIj~ 4 .rr~j I
13 i.23&P7E.L- 6 .3' 4 7( 9
A -,75?(7f C .575 1 F

2i 3 *7L. p ? 7 1 Lc' o *31 ? 4 F-. i~e 3
£4 14ý ". , 7 4
5 j.?7r
A -1#1i2:98 C -*467-.97

V' 2 i.q'14e13 ? ? 0 e2 .5 1 -o C17--2
£4 j1j .1 ' 14 - ; 2

A I * 7 11E 7 C -o 321iC-?

20) 1 O.42ý-?1 3 loI.ThAL .5CE7i ? 364
A -3%g2C -*1'02ebO

%0



GAM/MATI / 7 2 - 3
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GAP~/4MA TN/72-'?cp

TA7LF II

CI)EFFICTFINTS FOI nR~cT r(!NrITTCMftL ESTIt'ATICN CFr T14.(
LCCATICN AN~D SCALr FrAk-14TEPS CF TP.E CALrw.y CISTRIflUTICti

CVITP AV)CITICNAL SYMMrTOIC CENSCRINC)

SLOCITION *4 CCALE *N to MC-E I COEF9 ~ I CCEF.9

5 1 i.2?125 1 ij.CriCV .J(t

6 2 .~6&~3 3 .5%CC 6?722 3 -5±2
4 C OL 4
A '111:3Ltcc

7 3 .6.7?5 o".59194 11 P,82

40 4 o37342Ei

5 0?42ql5

6 0-1 5 c- 6 24,97A o~L 0 -. CC6 1 u . r C

8 2 4I 7 7 r, f) ~ r.*5~I 4s1 -091'306

A 0.ur i .- Lc 0cC

9 5 e35 3 -0J67277 o341,78 -0 3 ý.j 4 L 1
4 .4C C -*369FL.6
5 .4 7 7C5 5 6 IL3

7 -,,187277 7 0153q46~
A -6.''oI 3 AL r c c-I1...r9

9 3 .9i 4 IE2632 .39972 4 - a678 215
5 *6?277r- 5 SCOIS
6 si5?qC2 6 9675215
A -.OCC':C .0C&



GAP~/MATH/72-3

TftYLF TI

COFFFIrPIrNTS FOR ý3FST MCMTICNAL ESTIt4ATICN CF TPE
LflCATION ANDf FCALE- FA;AMETr.FS CF TýF CALTHY CIS7QIF7CTTCN

(WITH AflJTT1GtFAL SYMMETRIC CENORING)

'"' LOPtATTC'!J SCDLE
N M "F I COEF. MSE I COF.o

lii c6 326?(- 3 -*0362'C4 -*.*207j 2 -0100~.113
4 .3 6C! Cg .~11

5 *4.7'!:F? -. 1'5
6 *1#71*1526 it5
7 0331crK2

B OE -. 3,?C e .13i 113
At -ej)3AK. C 3 #0J 5CL~

in 4 0-7622 4 *!0!E: 012141 4 -*4t3147R
C .40 ( 5 -o 22q cry,
6 *4?m7Eý 6 *2c~
7 laýIZrn 7 4.17

A C.~a~ c 0 0

10 2 *3"F6 22 1 0SJ' 05i'%-26 -io 2R871
S q)3.tr E 1.2ASL71

ii 7 o2F!.97 3 -ou521tu *2E74 1  -e L6ý
4 0389 4 -0231FF6
5 o299622 5 -.275726
6 *469 6 -.o V:C L, 3
7 *2q~'it~2 7 .27r,7?6

8 438rF98 .2171F6
q -0 05 ? i8 q .067 F1J3
A -0C't'r 1 ". 1.J~(O

ii 5 .20n47 4ý -00~j6W *27198 41  -. 34512')
3 *9 a 77 5 .. 289100

6 1.5 5a FS .
7 1 )P 7V7 7 *289199
3 -. eE6116 8 67145121
A 0 5 9 1 L 0 , g

ii 3 s2n20? 5 22!6SF4 .3E217 5 -@9ý21c:G

7 236'S'34 7 M6
A -.'u3MCn r Cc'1cC



TAPLC' 11

COEFFICIffITS FOR PES cc~d'TT) "AL ES7It'ATICN rF 14

LCr'ATTOt,2 0-1 SCML PAt.MA T~Er OF Tl-ý CAU(.'Y CISTRI'"UTICN
0'ýITT AO1ITICINAL SYM1ETRIC CEt.SORINC*)

SLOCATION SCALE ~
N M 4zr I (7'JE:F. MýF I CCEF.

12 8 3 -O4iE*22895 3 -.*£472?4
4, -o.i242?q £4 -o1j74IF1

0 .J2,441 0 8 266Eq2
q -oJ422ý: 9 174.151

10 -.04'3I¶6 0 7'3
'U'JICLr' co'- ~

12 6 *ý4j 9ý75 927717 4 -2.;~

466= 7 -1£43--9
oi 17 1 '-'t 8 .27 4 P64
,9 1 -J7 Er c *25%641

A f r vP

12 4 V!,C1,9 S5 S 71 ?F .28479 93 -51b

7 *4L 9 2811 7 *i6q75K
.3 a3ES 716 8 6 9 3F6 q

A . ,cvC.c ýi r D.OOG V,!

I1? 2 .2 6 01 6 a 5 C. zc J 9 5C28 E 1o6'l)U

1! 9 2,2i#r :3 .,3,9 2C060'. :3 -07

L5 9 4 5 *3 P 9
2 r.'293P 1; E -. 211147

7 o4'119E 7

9 901~47Iý L90

05 -. 3 ?S7 00?Si
A 5 0 1 , r*0C

L 7.



[ppr T /7- -

TAPLE. II

COEFFICIINTS FCl FFST CCNPITICNAL FS1IMAiTICK Cv TI-c
LOCATION AMD SCALE PARAM=1TERS OF THE CAUCHY CISTRIPUTICN

SLO'IATIO4 ##~SCALE

N F' MSE I CCEF9 MSF I? CCEF.

13 7 .22673 4 -. 8~lop r *2iCqS 4 -,i8Li%3
5 .O014779 5 -.237471
6 *7PC 6 -#205EL?
7 *4124.11 7 * 2. a:16.,
8 e2q93(68 8 25C
9 *n",477q q .237471

10 10 SIR 451 ?0
A -*Do~Vcc ' -. U

6 *3107f 1 6 -022011-
7 .4?i7 .CZOIL %ý
8 .1r18 *2291,74
9 -. '2?L612 9 *5247?5

13 ? *2"27C 1; 02954ri a 144E? E -Iol7;2fI5
7 o4 2- 0 F3 7 0F,.C
8 ? 2 5c p 1, i172?ý45
A -. "1O - r 0i ) %. 1

1II iC 910991 1 -oi2917P .18722 1 3 -?r.
4 *o'4fl-.p4 4 1 L 11 q ?
5 *0?171? 5 19i 4LSCL2
6 .1S5011 F -o215ý77
7 *3 4 2S3 1 7 -.ujE6717
8 *3142 q3 1 8 .09 6717
9 1 r9 .21ý077

13 J 031712 1
It -00:1.s?4 11 91ij'R3
12 -329i%7' 12 9356
A -on53 '-O C

74



GAPPIA Uf~T 'H/72-3

TAPLE IT

CCOFFIIENT¶F FOR 7WEST CCNVITICf~fAL F:STIt,'ATTCN CF THF
LCC.ATlCK AND 5SUAL'q FAI7AETEPS CF TFE CAUCHY CITRInUTICN

(WITH1 A I'TICNL SYPMrIRTr OCrNSOINGC)

~ LOCATON ~ S CfLE
N m M1SE I CCLF, 'ISE I CCEF,

1L4  8 .2 C 3 97 4 - * 0e 4 2.3 1.91129 4 5.38ý64

6 92)OC 6 -0i'5
7 0351.. "1 7 -*09'i14i

11 .r3 22Z' 1) 197F?3
it -00142s, Iit iP6

14 g 2r9e8' 5 -.172QII .20711 5 -.L4ý2e73
6 12~er66 -6275q25

7 .7FL42 7 -,.!:ql7
8 .82 8,rr-
9 .2) 'tE 9

ia -4 2 10 4P2071.C

14 4 *21137 6 lli)185 .2 c,-38 E W.M192
7 0 369215 7 1.37^.7

8 *?P1IF
qj 0 t~ljPI 9 8 P 7 102
A * 029:Do I .. oC

14 2 *21 -cir 7 , ;1'E .1828 7 -j.ý80,147
8 0 rl :cý .*SeP247

A ý. j :C r CL.



CfPLFiICIFPITS FO C-ST CCNVIT!C"JAL EFSTIV'ATICK CF THE
LCCATTCN' Ad~n SCM~~ FAArMSTrPF OF THE CAUCHtY CIc7PIPUTICM'

(WiITH AJEjITICtt&L SY"'MPTRIC CENSOR1NG)

SLOCATION c CALE
N m MS'&. I CCtro F'SE I CCE-F.

1i 1 oIi .Ii - .0241,7r ot7i1:3 17 -01 8 or
14 -.0097i1 4 -90377!36
5 31~274E 5 S W2
G 012?!~t 6 -#2'C6225
7 o2FSZiO 7 -,i5)Ccj6
8 0325FIOR 8 -00-.ac& 3
9 .?ý9?19 9 *15uc06

i o2?831 10 .?r6228
11 oI )2 7 4 I I *16142 3
12 -1.,J30711 12 o0771.36

A .O%( c "c o0%C0

15 1 ? 14 ou76.Oc2 .17-3- F6 4 - 10 6 -2 8
5 "- .577Z 5 -. i61 f*9
6 J.±2Er-( ' 6 -. 2o822i1

.42;,17i. 7 8 ,~jf

9 274 7P E 9 1151 E7n

12 -,57J93 172 1 11u61q2

15 7 oiý1'165 5 -. ')9'449E .1PL.?9 5 -a133ECq
6 a 721 6 -2iq,4 J
7 .?e4ors 7 1.6q 1214

q ?4e49 Mi"%124

11 0C.4 94a6 11 ..

t c ; L 9C -030.14co

15 5 1 C,:4Lp. F vi 6'??F .22r37 6 -.6T1c1i
7 o2SI 'Ph 7 -.188C73
a o?527eli 3 c. 3 u 10
9 o2sltr4 9 e188'73

A o - .C'J C L P, 4f



TAPLE TI

COEFFt:IfItJTS FOR Er-ST "CNCITTOr4AL ESTItVATTCth CF TI'c
LCCATION AP'O SCALE PAPAMiTEPS CP ThC CAUCHY CIS7;ýInUTTCN

(WITH ADOOIICNAL SY?'M7EIRC CENSORINC)

LOCATION S'~ CAL9 7
N M MSE 1I ' OE F m'z F I COcF.

15 1 *iP351 7 221Crr 3F3r35 7 1.4j.40 20
A Vtlco9!3 8 -*eO.?-GLfl

9 .1 q (Y c £.L.4e20
A -*032CLC 00 co~r

iE 12 *1E7ý9 3 -*'2nl14? o15810 C 45
4 C 37 7F7 '4 C,04
5 -413c P -. 131C-r7
6 e 17 ?f-E2
7 a 2 " E2 7 7 1*i2 210
8 *29C'Ei4 e -oO707S?

.296514 1.jq
il *2C2Jr27 li 917?2-19

11 * 17 Z . -2 11 * 1 Rr-477

12 .G'ý507C 12~

16 i 0 o 1( 067 4 -oS7L479 .i5s.52 4 a821A23

, *~37521b 6 -olR7eý4
7 .2)4147 7 -*1772?7
8 *3T±E?1 8 -oý71245
q 03'21 -?j 9 60,1~11.5

10 *2341L&7 10. * 17I7 r2

1'2 -9067470 -
A c~0l. o

17.



G lV /" A I ',72-7

7A"LE II

COýFFICI1&NTq FOR EcST fCONVITTONAL rSTTMATICN- Cc THC
LCCATICN V'3 SMýLE PARAMý.TF'S OF Th-E CALCIJY rIcTRIFUTICK~

(11ITH AOaITICtAL SYNMMTRIC CENFORINC)

N. M mt I CC=EF. M¶F I CCLF.

16 8 ei744V S 0*')jI 4 1.j *.1(673 1 9411
6 *C?6?11 6 -.195rcS
7 * 211.-r 2 7 -. lP~!vlL7

I "11i4 ?1S F -,J742F3
9 .11,28 9 0742r3
il 2ll~r2 I ~ r.

0 C I'. J c c

16 17e 5 - *.3zF7i8c91 6 -, 5 4 1'4
7 .217CIC 7 -e2ý2P5iý.

* ?221L14 8 .ar?

to 21SI t 0-nf~

1i 51158 5

16 4 .i8 t 2 17 7E *2 561L 7 -1.,0 71 F 3
9 *321F~lf, 8 -ur

S7 .2 1 *.,r -0 1
it) 10??6 io.071163

5 0 0 c c .11C. 0 0 , 0C 1

15 2 1 1jLr 8 * 3j1 .c014 94,5 8 -,2Eý7
q t5jCýAý 9 2.ý265176

*c CID J C..



TAELF TI

CCr'FFIrTLI1TS FCR 2EST CChrITTGNfAL !7STItVATICN OF Tldc
ICCATTCN A~n SCALF PA?1c!:RS !)F TH'E CALCHY rITS1ITOL.TICN

(WITTH AO~flTION1L SYV9PTRIC CTO 0 91NC*)

N M N' I COC:Fo MSE T MIFF,

17 13- ol.44g2 3 -oliS48 e14f-77 3 -*.Ali14A
4 -*Q3177F 14 -, .7 P78
5 -,322?E~i 5 -*117E51.
6 9ýq,?6 -011"3's1
7 .1414717 7 -o 17515
8 * ? 45 77~1 8 - iitCi1
9 *21 54F. 9 C. f

it .143717 11 1i75IFI.
12 .039373- 12 1?g

1.4 ??Y~77c 14 n 4 7 f 7
1$ 1. IGS98 15 -- 9
A il 0,; C. r

17 '1. *i!64f. '4 -4059U7? .1,4769 '4 -. 4
V~ -#022?7L. 5 8 1 F I

o341f -.*1647011
7 *145qE- 7 -o.i76172
8 s24ý1'922 P -. jj5E73
9 o2q2c2c 0

to 02'4S322 10 llr)E7.2
It j14 F 0" r¶3 Ii o17 6 1
1.2 .C1'4 0189 12 .c114791

14 -. tP39Z7? 114 J6CP
A c 5 A c 01V)C0

17 9 1 F F. 5 5 .13h0  .16 6 R1971`2
6 .14f22rp -gjol,60W
7 i.1.S 7f 7 -Ii3'

i I sýf ý7 Iý o11%j 17?
iit l 917F 1 11 *181,154
12 .U '?2rc 12?fq(1
13 gj.aI 1 ?73 .10 -2z
A .rvvC -. '1L

?Cl



GAP~/ MA"-'/72-,

TAOLF TI

* CTFCTI'ýENTc' FCR Ccq'T 'ýCNDTTICNAL !ESTIPIATICN ICF Twr
LCCATTCN As'n SC.ALE P ýAMETEF'S OF TF-E CAICHY 1tI'STRjnUTICt4

(WITH A09TTIOý!AL SYMMiETRIC CENSORING,)

SLCOATION *4 C-P
N M: I CO --F. MSE I COEF.

17 7 .1'4 2 r b -on7eI4'4 s16819 6 -*L44n794
* i31 U ( 7 -@jq7742?

3 26 er 8 1*301SO
07.1O2e 9 U .I

ii 1~1;eIf' 11 ejq7742

1-7 5 .iC5?1 7 07?4S8E 2 0917 C 7 q.'474'75

? - r. , C. m
'2 7~F 10 6 1r 9 r0'

A 0~~j .. CC-

17 3 .iCCr87 LI *3-re14P?. 2 L3

A C.%: rC

19~ 114 *1,4OZ4 3 0 14 Z 7? .1E8 3 Z8SCO7
4 '.'laJO 1CQ4 -U 3 8ulr'

C; o2 ~C, .C, 5 .C 9 54 4
SIE 3717 6 -i'~'
7 * f993 ~7 -.1671491.

19 37c5!8 3'f
2i E n ~'1. 7 I5FG

11 19 5 17 A 11 4,94

I' i 0f16-7-'I ? *1,+2--10

15 -. 'C, 2 Ci 1 C

A r1U C -. C:



n./4 AT P/72-?

TABL5F Il

r',CEFFTCCTfMc' FCR REST *C~kTTTTCI!AL c'TI-I1ATICN Tp

LCOATTCKI ft't lzCALc FMAqMET;-f'S OF TF-E CAI~rIY CISTRIQUTICN

LOCATICN SICPLE
N mI COPY. wSE I CCEF.

11 4.2 e145iE 4 -oJý2nDA o137F2 4. -*151P12
5 5. 2'7t 0 - 8 8 P 48A1
6 0 19 77? 6 -o14VC7P
7 *1:3P9n 7 -i~9

q o9779s1 e -*1?8q4?
9 , 2F 545 ~ 9 -,f'541 -

10 o26lc4!o Iii O.#411
il ~j 9779A 11 1 17,LSG?
12 10i ý9L 12 6iF8jes

13 oj1Iý772 1! oi4?E73

A4 *r:c 3 C 44 *Af4

iai lb .14PF1. 5 -.,"57r7 ojtt:"97 5 -415;9215
6 *117c22 6 -*14;c-3-
7 1 12at. 7 1.71 CZ 4

9 *270-L27 9 C 1517
1 27*l ?7 13 *5 317 '

11 *2w'!':2 11 .142110
12 1 i"AF 12 J'; 4
13 '. 017 C22 ! .14 5 ER

is' J *i52~35 6 -. fl?6677 *15179 E -3P"'
7 *1j?Spr( 7 -* -??

9 C -.O59 33
13 .27'q9rt I 1S9 1

ii *239'"71 1 .5cL
12 .1 ~C. 1 2 1
1!-.%'771 rpE?77

I e 7 70



CC7FFIG~rN"S FOR EFST CW"MTTCNAL rSTTVATIC1N CF T1r
LCCATTq)N AN9 SCALE PA M4TTrt.S CF ThP CALCUy CIVTRInUT!CN

SLOGAITIC4 44 4-SC!LF
N V~ M5E I rOEF. M' I CCrF*

11 6 1 !-4J 7 11217941 7 ;8 lk

9 O2Q317?C S

A C r L -1

1k 4 *j7p !e 6.: q4~. 0 4 I

2- 1

19, A.5 *1"4 * 7 -. 1 8 1PP~i 3 -.og,7227
4 -. 2I44L -0.~1159

5 -o S -732,8
1 *.112C P 6 1.22 1 C?

7 OEý. ,l ? 7 -1 .34? 4 7

q .22 Vc c? -945

J. 12 .1c2 11

31-3 .154 747

15 J5 0n 7 r159

jr, ..27 16

A C. ~LCc



0
A '/ AT H~/7?- 3

TAýLE TI

COLFFICIUNTS FO1 rEc1 CC'l:PTTV(NA1 FSTIYA'!Cth CF 'i-F
LCCATICt: AVO FCCAL;,E rV'AMETEPS OF TFE CAurI-Y EICTRI9IJTICtI

(WITP 49JI1TIrtNAL SYPMIC1-TIC CEýSCPINC-)

N p MEE I rF.MSF 7 ýC7F

"."1274 6 2 Er
7 3a5b7 1.5E1 4 ?

11 0225.lL? I1, 39j6

ii~1 0 .1 ;6 r5?I42
124 j17 4 ~ 12 22S

A ^

jq ii l1'8" 2 5 7 - c i1 i ir 5 1.2 q 77)
S 1 19r~ F .12 4 4 4 2

7 3 a r 7 7 1 7f
P, 15 64 IF a 15, J2 17

q 29 q2 r3

ii ?31I:2 11 *916

1.3 sooS872 1? 157PFF,

IS, -. ) ISt 14 .1.2O674

A q j j CL. I "1 - .1 3 1 c

1) AID r C 1
7j 1117 ý 9ý

¶2 f1.127 1a2 l r

13 0~i1l: 16~5s.4

14 14 *2947 1

C rr



G A------4T14/72-7

TAPLE 11

CCLFPFICTFNTS FQ'' FERT ýCNDT~TICNWL F'STIMATICN CF TW4E
LCCAT~nf. At", qCALr PA~m:'ETFPS OF TI-E C(ALniv £ISTRIqUTICN

(VT*1T AnUTT1CNAL SYPMcTRIC CEKSGcINC)

SLOVATTON 4* SCALS
N P~ FAS T P~roME I CCUF.

19 7 1i4 4 C.% 7 -. !4 6ýI ? 155798 7 F6~2 ýFi
q *16 S211 P -177 7r,
9 e2 43~r. .~¶7
I1 .274 C7? 1 C

1. 1 a2 i Ii .i 9 575
12 e121 j 12 .1 777"0
13 -. e.212 52i
A .CCc c C 0 .OCj I

19 r; *IL#27 8 1 .IF qC .2i372 8 -499771.0

9 o?'B-L4 q -01 :
176 .7cI7 IC ý,

12 *11ýILý j 2 S94
A r', A C C L r I* "C. .

19 3 O.L q, 21 o 02K o32(9 -I r e,

11 0 ý ?: 11
A 0 ,. .U, "

?1 16 01P569 3 -01JEE-2 *12C57 3 eouC5 7~4
4 -3 ? it 2 6 254
5 ~* 2 , 2 r 2

7 041.E? 7 .j4)C

.117 17F , ol61
a I1~Y e9-79ý -.1±2it2

1) o e2 1 AC7 1 P -*Of#?.-43

t , 2 E r4O 14

e1 '1 r 1-2

17 4.?L~ 17 r,17

i e ECA I

'.4 L



TAFLtE IT

C C ':FIP~rNlT FC\' IFET CM'ITIn-NAL FSTTVATICN' CF TH~C
LCCATTOTh M*J srALE cl:ZAMETERIS OC' Th-E CALrI-y rISrRIOUTIC'!

(WIT" AD-:11TIONAL SfP~METRIC rENqPINC.)

SLOCATTCN SMrE ~
N' M'4' I r 0 MF* I COFF.

*. @.. * 0 0 40 60 0 0 100 6 0 SB ... 0 a0 00 05@ 00 *e *0 6a 40 0 0 6 5 0 0Be a * 0 a00

20 14 1 L6793 4 -.O'..'UE .12 9 1 4 3417

7 .i2 7 -1C3
8 .1f2C8 .4 7 S9

I C *23747 10 - 4 2 ti 4
II .2 3 7 L II 1 .44.
12 el9z7 12 oli2P67
±3 o.11426r 1 147 CO)
I4 .J-h1c2 14 l41

±7 4 11 1-C 17 7'4 It.,7

A a.ZX c ? *ý

2^j 12 .12971 5 -Ov3didF 7  
*12Z72 5

7 &('t4277? 7 -*1L,24c

q .IC1ý I A ?3 11.4j1b17

11 *2337P7 ~11 b# 4
1.2 01 1E7 12 e14 2

1.4 .IL427EP 14. 142 PC-1
15 -.u2Cý 1[1 15 1: Z.q7

A I . c cc 0 ff

L r



T6.rLr ri

1,,CC-FFI1".IfNTS FOR C3'ST7 CCýPITVIM~AL rST1rIATICh CF Tmr
LVrATICfN (IkP 'ýCALE CARIAME-TPS CF TI-F CAUCHYV CIST.RI~JTTrv~

(W4ITH AODITICN51 FY!"4FTRIC CFh'FrCING1

LOCATICK 4ZCALE
N, M m E I C C E. FM I r.COFF

2Z 10 *1 2r,4 6 1 .I-n12 8333 6 -21,26
7 4 4 l72 1 7 o1 G727 5
q t *12?S57 8 jr~. 10~7
q 10 7 1-%C 9

I I .?24 5-? 27 11 j+tjo
12 6 19 " Ic 12 119 li4

14 *3L44'7 14, 147E73

15 . t 4i 157 2 -' t1-1

-3 *23Ir 11 sq4

12 .214- 712 7

97 4L~ 9 F*5~c

12 2 ,7 2i

14 7pj212 *5.2

A

1111 n.9rBS75

A c G ", 0 CLI

2 l 4 92., E 7? 46.!4 -1 4?86-
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APPENDIX C

Computer Program
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F-GAM/MATq/72-3
PROGRAM r.017FF (ripur, OUTPUT) I

c THI1S Pll%,ýRA?1 COIMPUTES AND TABLES THlE COEFFICIENTS FOI BoES T
CLINEA'q ESTIMATION OF THE LOCATION AND SCALE, PA. AMETE.S OF

C THE CAUCH DISTRIBUTION FOR SAMILE. SIZw'." OF 5(1)20
C ADDITION~AL CENSORING FROM ABOVE.o I4USS READ IN THE EXPECTED

C VALUE AND COVAFRIANCES OF mE ORER, STATISTICS FO.1A 61.)
DIMESION EXP(20,20),COV(20,20),A(20,20),B(20)tX(20),RL(20)t

1SE(20,20) ,AS(20,20) ,BS(20) ,XS(20) ,RC(20) ,SES(2O)
c M=MAXIMUI14 SAMP~LE .OIZE MrL-4I~fNIM1M SAAPLE SIZE

NN620

DO .5 N=W.149NN

NR=IW/2

READ10(E(NI,=,)
Do 4 1=-3,11N

4 Exp(lllN+1-I)=-EXP(NqI)
5 CONTINUE
DO 100 N1*M3,gNN
111=1-2
DO 8 1=3 NI

8 READ 101,(COV(ItJ),J=INI)
DO 10 I=3,NI
DO 10 J=INI

C FILL TilE A l1-A1aIX
A(111)=O.O

A(2,2)=1,O

A(2I,1)=1 .0
15A(2,2)=-EP(,I

DO 16 J=39NII
A(I,1)=1.O

16 A(2,J)=-!EXP(NqJ)

DO 17 I=3,NI

1? A(IJ)=COVI(IJ)+EX.P(N,I)*EXP(NJ)
C FILL TilE B MATRIU

E(i )=1 .0
DO 18 I=2*1JI

18 S(I)0,0
C CMi4PUTE THE COEF"FICISINTS OR CENSOR, AND COMPUITE THE COlEF-1ICIESNT35

N4=-N-4
DO 30 ICZN=1,X

11p=M4+2
CALL 1WrXiL(N.PqA$BjX)
DO 20 1=30,NP

20 RL(I)=X(I)
RK--X( 2)
CALL SE-L(N :*o.ý,%P ,RK,RLEXPCOV1, s;)



GAM/M&TH/72..3

C FILL tHiE AS 211ATRIX
DO 25 ILANLI
DO 25 J= s1,44

25 AS(TIJ)=COVcr+2,4+2)+ExP(NI.+2)*BXPcNJa)
C FILL W8A5 I

£ ~Do 26 1-ipN44
26 BS(I)=sXP(NZ.T2)

C COMPU~TE THlE COE!.'FICIENTS FOR TIM SCALF, PARAIW~ER
NT--j
CALL ?IrXEL(?TrAsBs,XS)
DO 27 1--l Nf

2? RKC(I+2),-XS(l)
CALL SEL(Nttl4NP9i.oRKc.EXPoy VSES)

2 o28D-3N
28SWSUI'j~nC(ID)

RD--Slfl
30CALL PilI~t(N,i4,1sE,RL,sSSSR"CRK 34WD)100 CONrINuE,

STOP
END
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GAM/MATH/72-3 1
SUBROl.TrIN PRIN'rl (N,14,osELCOFLSESCOFSA,13,D)
DIIENSION SEL(20,20) ,COFL(20) ,SE(20,20)$COFS(20)

C THIS ROUTINE MINUS TIM3 COFFFICIENTS AND VISE FOR SINGL~E
C CENSORING FROM ABOVE,
C N::SAMPLE SIZE
C ANPLME SIZE AFTER CENSORING
C SEL-JSE 0OF LOCATION E&STIMATOR
C COFL= COEMFCIEINTS F'OR TH!E LOCATION ESTIMATE
C SES = S,3 OF THE SCALE ESrII4ATOl'
C COFS= COEFFICIENTS FORI SCALE Esm'i1AE
C A= CONS~TANT FIRMI LOCATIO'N ESTIWlTS
C Dz CONSTANT FROM SCALE ETIl-ATS

IF(N.GT.5)GO TO 5
IPAGE&-39
PRINT 20
PRINT 2lNU,ýISEL(NNl),13,COFL(3),SES,(Nh'o),3,COFS(3)

IF(1M.EQ.1)GO To 4
PRINT 22t(ICOFL(I) ,ICOTS(I),I=-4,112)

4 PRIN~T 23AD

5 Ro

RLINEUR142 0
n"-(RLII'n-.GE.)GO TO 10

8 M~INT 21,Nl,1:,S.S-L(N,N',),I5,COFL(3),SES(N,14,),13,COF'S(3)

IF~l4%EQ.l)go to 9
PRINT 22,(ICOL(I),ICOFS(I),I-4,N2)

9 PRINT 23,A,D

GO TO 16I
DO 11 IS=10ISKIP

11 PRINT 24
PRINT 25,iPAG
IPAGSE= IPAGEf 1
PRINT 20

15 GO TO 8
16 xT(N.EQ.2O)Go TO 17

REIruRN
1? IF(fl,.EQ.1)GO TO 18

RETURN

DO 19 S1I1P
19 PRINT 24

PRINT 25rIPAGE
RETUTRN

g0



GAI-1/M-AT~i/72-3

20 FOmtl-AT(1H1, 15X, 13.'GAt4',/!ATfl/72-3, ///,41X,7HTABLE; I, /f,19X, 51:!COE.TFF
ICIENTS FOR BEST CONDITIONAL ESTIMATIOL' OF' THEvI/1X,56-ILOCATION AN
2D SCALE PAMMETERIS OF THE MAUCIIY DISTllIHUTIO!;, /t25X, 38!Il(t.iITH ADDIT

r3IONAL CENSORING FRO31 ABOVE) ,//, 15X, 59(* .*) ,/,28X, 14H**LOCATIN.ý**
4,16x,1£** SCALE **,/,16x,l!',"',3.X,IHM,5X,3,'4yE,.x,tnl,4fX,5.qCOB-. ,10

21 FORIWA(1HO,1 14&XO12,14,F1O.5,14,F11 .6,F13.5,Ile.Fli.6)
22 FORM!A( '.3K 12tl ,FI6,15Xj72qF11.6)
23 FOR?.LAT(34X,1HA,Fli.6t16X,1!{D,Fi1.6)
241 FORIA'C(tH )
25 FO-UiAT(42XlI3)

END

SUBROUTINE SEL,(I:,M-, 1;,P, RK,RLEXCP, COVSE)
DIIENSION RL(20) ,EXI'(20,20), COV(20,20) ,SE(20,20)

C THIS ROUTINE COINPUi'S, THE X!SE FOR THlE LOCATION AND SCALE
C ESTIM'ATES

SUl-13-O. 0
DO t0 I=3NP
SU!2=01 0

DO A?
5 SUr.12-RL(I) *RL(J) *COV(Iq J)+SUi'A2
S U4,1 -S Well + S U,12

£0 SuIll3r.?J, (I) * ECP(N 1 )+3 U,13
FA-SUi13-!ZK
FlA2rFA*F-A

RETURN
END

SUBROUTINE 1-riTXEL(NP,A,B,X)
DIMEINSION A(20,20),B(20)tX(20),PIv(20),c(38,38)

C THIS ROUTINE, IS A M0DIFIED VFRSION OF DWXQM~TI QATION
C SOLVER S'UBROUTIL-2, CO.MPUTM~ SCIE14CE CENTERI, WRIGHT-PATTMRON
C AFI3, ORIO
C TO SOLVE THE LINEAR SYSTWI AX=B

DO 10 J1,SNP
DO 10 1=19NP

10 C(I,J).-A(I,J)
KPJ=*tP+1
DO 20 I=1,NP

20 C(IN4PJ)=B(I)
NP1=NP+1

DO 120 I=1,NP

DO 110 J=IeNP
IFl (A3lS(C(JsI))-ATPE) 40,30,00

30 ATPZ=?U3S(C(J*I))
IPIV~J

91
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~40 CONTINUEV
IF (ATPE) 210,210950

50 Do 60 J.1PI,NPK

60 Piv(j)=c(iriv, j)/c(ipiv, I)

IFRML4NP

70IF (IF.RONe-IP) 110,70,70

1 D0 90 =IP9K
IT=Ilr1 -

IF (iRMI) 1616097097
10DO 120 JIP1,NPK

1-NPJN+

1oDO 170 JIIPI,IIPK
170 C(It)=C(I,;J)-(L)CtJ

180 itrETURN,

1001 FIRaT(3o1D~r(A)=:O IN CALL TO SU3ROUTINE I.T'XS)

END
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PROGRAM COEFFD(INPUT, OUTPUT)
C THIS PROGRAM4 COMPTUTE3 THE COEFFICIENTS FOR THE CONDITIONAL
C BEST LINEAR INVARIANT ESTIMAITION 0F TOE LOCATIOIN AND SCALE
c PAItAMErEtS OF TAE CAUCHiY DISTRIBUTION FOI SAMIPLE SIZES 5(0)20
C WITH ADDITIO'.NAL SYMMt,=RIC CENSORING". 1Xusr READ IN THE EX.RTCTElD
C VALUES AN) COVARIANCZ3 OF THE ORDE,-R STATISTICS, FORYbAT(6F12.6)

C NN=MAl-XIMUL4 SAMLE SIZE M24.6NIN71IbllM SAMPLE SIZE
NN=20.
10-65
DO 5 N.*,N
NI=h'-2
NR=N/2

READ 101,(3XP(NjI)tL-O,3sM)
Do 4f I=3 9NW

4f EXP(WN+1-I)=-,EXF(NtI)
5 CONTINUD

DO 100 K-'1INN

DO 8 1=3,lI
8 REAL) ioi,(cov(I,J),J1i,Nx)
DO 2.0 I=31,NI
DO 10 J~INI

10 COV(JtI)-c'v'(ItJ)
C FILL THE A t1TRIX

A(Ii,)=O.O
A(it2)=O.O
A(2#1)0O.O
A(292)=I.O 1
DO 15 I=3$11-
A(I,1)=1.O

15 A(It2):..EXP(119I)
Do 16 J=3,fii
A(190=1.0

16 A(2,J)=-EXP(NlJ)
DO 17 1=31NI
DO 17 J=3.NI-

17 A(IJ)=COV(IJ)+ErXP(NI)*ErXP(NtJ)
C KUL THE B XkTRIX

B(1)=iO
DO 18 12,NI-

18 B(1h.O __

C COMP1UTE THE COM' TICIENTS FOR THE BASIC CENSORED SAMPLE

CALL IrrXLEL(NPlAtBtX)
DO 19 I=3tNP

19 RL(I)=X(I)
RK=X(2)
CAIL SF."LD(N,14,IR!;,RLEXPeCOVISED)

C FILL TUE A$' 'Wi'IIX

DO 25 I~iN:4
DO 25 J:4,N4
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DO 38 11 sit
38 RKC(I+2+ICEN!)=-XS(I)

CALL SELD(U,?.1,1.O9RK<C#EXpCOV,SES)
IB=-3+ICE:4l

DO 41 TD1lBtIT
4&1 SUiZ--su.w~IIDKC(ID)

RKDMMUI4
50 CALL P3ThT(NM,~SEDRL,SESRKCRKIBRKD)

100 CO"IfltPis
101 FOM.AT(6F12.6)

STOP
END

SUBROUTINAM SSLD(N, 14, V( RL, EXPtCOY, SED)_
DI"' SIN RL(20) Y,EP(20,20) ,COV(20,20) ,SzD(20,20)
S u... I,0. 0
S ,142=0. 0

DO 101 3"M'l11.1,,,T
DO 10 J--11is,~l?

10 Stre"h=St1,fl+RL(I)*RL(J)*CoV(I,j)
DO) 12 =,NT

FI:A=S Ui-
FI.nA&T2lwU A*
SED(11q !!)=Six*:1+FNA2
MEUMU
END

SUBROUTINE PRINT(!t,',ISELCOFrLSEStCOFSAI3, D)
DhI& &SIONl SEL(20,2O) ,COFL(20) ,Siý(20920) ,CoFS(20)

c N=SANT-PLr SIZL;
c 6SIZE AFlSI, CEUSORING

C S!-L-I-:3E LCCATIO'N
C CO"L-O-r CFT FOR LOCATION ESTIX.ATE
C SES9=E SCAL,-E
C COFS=COX, FICIENTS FOR SCAL7,E ?IM'TE
c A--C0NSTAU? o: LOCATION' ESTIMATE
C I)--COlSTAllT FROM1 SCALE SM3-TSlT

IF(IhGT.5) GO TO 5
IPAM"E=?1
PRINT 20

PRIT11 23,AID
X.=38
RIETURN

RK=K
RLI1t&=l4.2 I

IF(RTZNu.-.Gs'.RK)oGO TO 10 9_J
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25 AS(IJ)=COV(I+2,J+2)+EXP(NI+2)*EXP(NJ+2)
C FILL TiE BS fAT.RIX

DO 26 I~i ,%14
126 BS(I)=EXP(NI+2)

C COM!PUTE THE COMFICENTS

CALL '.TXEL(NTAStB!,XS)
DO 27 I=1.,NT

27 RKC(IT+2)-'C3(I)
CALL SELD(No,M1.OR'KCEXPCOVSES)
SUNDO.O1
Do 40 ID--3,NP

40 SM-lD=SUf-iR.DgRKC(ID)
RKD=SU1-IJ
CALL P.RINT(NtMSEDtRLSESRKCRK,3,RlKD)
IF(N.EQ.5) GO TO 100
IF(Ut.EQ,6') GO To 100
IF(N.EQ7) GO TO 100

C Mha"OR AND COMPUM W~E COEFFICIENTS
GO TO 29

u IF IT IS DESIRED TO CENSOR TO SIZE l.61t REM4OVE PRECEED.INIG CARD
IF( tN/2)*2-N)28,29, 28

28 NC=(N/2)-2
UO TO 30

2-9 NlC~a/2-3
30 DO 50 ICE=1, !1C

DO 31 JD-3tNPC
31 A(2t JD)=.'(29 JD+1)

DO 32 ID-,!1P
DO 32 JD-39,IPC

32 A(IDsJD).l(IDqJfjl~.)
DO 33 ID=-3-.!'PC
DO 33 JD--2s,;PC

33A(ID, JD)--A(ID4 .1,JD)

CALL MrXBL(I1P,A,B,X)
DO 35 1=3tNP

35 RL(I+ICEN)--X(I)
ni--X(2)
CALL SFLD(N.ý,M,'RKiRLEXPCOVo,SE-'D)

C COI*1PUTE THE SCALS C03.-FICIEN.%TS FOR CENSORED SAMPLE

NTS!l.S.2

DO 36 is=2,tii
DO 36 js~i9inrs

36 AS(IS,JS)-As(is,js+i)
DO 3? Is=1 914rs
DO 37 3s=l 9NTS

37 AS(ISJ3)=as(13+ltJ3)
CALL NVrEL(IiASv,;3sX5C)

9!i



GAH/1A/72-3

8 PRINT 2toiSLN,4*3CF(3,E(.olt~CF(3

Y1h=I3+i
£ IF,(M.IEQ.1)GO TO 9

PRINT 22,(I,COrFL(I),I,COF3(I) ,I.I!t4,,ý,2)
9 PRINT 23,A,D

GO TO 16
10 ISKIP=4C3

DO It ISbIJSKIP
11 PRIN4T 24

PRIINT 25tIPAGIZ
IPAG&:J-PAGF,4
PRINT 20
KAI1

151 00 TO 8
16 IF(N*EQ.20)0O TO 17

RE~TURN
17 IF(14.EQ.)GO TO 18

RILTURN
18 ISKIPKF+3

DO 19 I181,ISYIP
19 PRIl.tT 24

PRINT 25,1PAGE
RiETu.RN

20 FOMUVr( 11. ,t 15 iC 1 G~MT17- ,41X,, 81-7aELiE 11,11,1 9X, 51!COEFF.li~c~ITS FoR.i s co:lDivxO;*-TAL iS?1*?ION. O1F THE~ f,1?z,56%LOCjATIon A211D SCALS Or~ OTi- CAUClIY ITIuo/,.X5iwrT ADDI

21 FOmf,-AT(1ifo~t4XI2,I4,Flc.5,I4tl.,Fi3,t61s4tFll.6)
22 FOR:-AT(33XI2,Fi1.6,15X,I2,F11.6)
23 FO~t-T(3!X,1f~lAF11.6,16xs1tJDFl.6)
24 FiO,%MfT(i1t{ )
2-5 FO3V.lAr(427,913)

END

96
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